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1 Adjunction

U€O77U = 1U
eFoFn = 1p

Universal mapping problem is for each f :— Ub, there exists fx* such that

f=U(f*)n.



2 Adjunction to Universal mapping

In adjunction (F,U,e,n), put fx = e(b)F(f), we are going to prove fx* is a
solution of Universal mmapping problem. That is U(f*)n = f.
U(e(b)F(f))=U(f*)
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n(a)T U(Ub)T

GﬁUb

UF(a) 2% vru

a n(Ub) | |U(e(d))
n( )T U(fs) T)

F(f) O UeonU = 1y

U(e(®)n(U(b)) = Ly
means that
e(b) : FU(b) — b is solution of 1y).
naturality fn(U(b)) = U(F(f))n(a)

gives solution U(e(b))UF(f) = U(F(f)e(b)) for f.
U(f+)n(a)(a) = f(a)

then
Ule(b)F(f))n(a)(a) = U(e(b))UF(f)n(a)(a)

since I is a functor. And we have



U(e(®)UF(f)n(a)(a) = U(e(b))n(b) f(a)
because of naturality of n
n(a)

UF(a) «+——a UF(f)n(a) =n(b)f
lUF(f) Jf
UF®) < p

too bad.... we need some thing more.

2.1 Adjoint of n

UsonU =1y

Fla) 29 pup) — oy

UF(a) 22 v ru ) 298 )

o —" s ure) 22 vrue) L5 g

n(Ub)
n(Ub)

> UFU(b)Uw

a Ub )21

U(b)

O UsonU =1y
naturality of f :a — Ub

Ub 1 U R(Ub)
! TUF(f)
L P ()



UF(a) UF(U(b)) UF(U(b))
P(a) Tn(U(b)) lU(E(U(b)))
o« — 5 U®b) U(b)

Solution of universal mapping yields naturality of Us o nU = 1.
eFolFn=1p.

UF(a) F(a) 219 pyp(a)
1p(a)
U(G)T luF(a) (1UFM lE(F(a))
a——— UF(a) F(a)

3 Universal mapping to adjunction

Functor U, mapping F(a) and (f)*, U(f*)n(a) = f are given.
object F(a): A— B
n(a):a— UF(a)
put
F(f) = (n()f)

e: FU — 1p
S(b) = <1U(b))*

f=U(f*n
Show F is a Functor, that is F'(fg) = F(f)F(g).
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Show naturality of n(a).

fra—=bF(f) = (n(b)f)*

Show naturality of €(b) = (1y)x*.

3.1 Definitions

f’s destination
universal mapping
defnition of F(f)
definition of

FUF(a) 229 pup)

F(n(a)) (la(F(a)) ) lﬁ(b)=(lu(b))*

F(a) —

UF(a) 2% yEU )

"w%\ ;;:;\@Zw» U(eb)
a

— U(b)

eFoFn=1p, ) = (1uw))*,
e(F(a)) = (lur())*



F(W(a)) FUF(a)

3.2 Functor F

show F'(fg) = F(f)F(g)
o —2 5 Ub—1 5 UUe

i~
—
T
—
s
~—
~—
3
—
<
N~—
I
—~
S
=
S~—

show

then F'(f)F(g) = F(fg)

UF( JUF (g)n(a)
UF(f)n(Ub)g
n(UUc)fg

Q.ED.



"9, pue)y 299 pUU(e)

b Ulc)

F(a)

UF(a) 222 vruy 225 UFUUC

n(a)/]\ Ulg=) TW(N TW(UUC)

« —2 S Ub—T 5 UU()

3.3 naturality of n
n:1—=UB
n(a) n(®)

o« ———p

prove 7(b) f = UF(f)n(a)

nb)f: a—UFb
F(f) = (n(b) f) = (definition)
)= UE)n(a)

Q.E.D.

3.4 naturality of €

e: FU — 1p

U:B— A

€(b) = (1U(b))*
Ule(®)n(U(b)) = lue



U(e(®))n(U(b)U(b) = U(b)
FU®) 229 pu(e)

le(b) Js(c)

b—t ¢

prove fe(b) = e(c)FU(f)

show e(c)FU(f) and fe(b) are both solution of (1y.)U(f)(= U(f)(1vs))

(fe(0)))n(Ub)Ub = U(f))U(e(0))n(Ub)UD
=U(/NumpUb=U(f)Ub=Ufb=U(f)(1vs)Ub

O fe(b) = (Uf)(Lus))*
UFU(f)n(Ub) = n(Uc)U(f) naturality of n

Ue(e) FU(f))n(UbUb = U((e))UFU(f)n(UbUD
= U()UAU(F)Ub = LywU(f)Ub = U(H)Ub = U(f)(1un)Ub
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0 Ule(e))nUe) = 1y(c)

end of proof.
/

c ® b
(lUc)*:E(C)T Ul(e(c)) (lnw(c)) n(U(b))l; U(e(b)) Ts(b)=(1m)*
FU(c) UrU(e) Y uru o) FU(®b)

W

It also prove

UsonU =1y

3.5 UeonU =1y
e(b) = (1 (b))

that is
U((Lu(@)*)n(U(b)) = 1y (b) U(e(b))n(U (b)) = 1u(b)
OUeonU =1y

3.6 cFoln=I1p

n(a) = U(1p(a))n(a)
= (n(a))x = 1p(a) ... (1)
e(F(a)) = (luF(a))*
= 1y F(a) = U(e(F(a))n(UF(a))
times n(a) from left
n(a) = U(e(F(a))n(UF(a))n(a)
n(UF(a)) = UFn(a) naturality of
n(a) = U(e(F(a))(UFn(a))n(a)

— U(<(F(a)Fn(a)))n(a)

= (n(a)% = e(F(a)) Fy(a)....(2)

from (1),(2), since (n(a))* is unique



e(F(a))Fna) = 1r(a)

UF(a) —— FUF(a) ——Y—— UFUF(a)

n(a)T F(Vl(a))C (F(a)) n(UF(a))< \>U(€F(a))

a —T 5 F(a) v UF(a)

<n<a>)*—1FaT Tma)—U(eF(a))n(UF(a»
F(a) U UF(a)

UF(a) —£— FUF(a) —— UFUF(a) FU

F
P(a) F(??(CL))C E(F(a))U(eF(a))Q ,>TI(UF(G)) T e(F(a))

o —E—— F(a) —Y— UF(a) F(a)

UUF(a)
n(UF(a»( Uetray UE(F()n(UF(a)) = 1y F(a)
UF(a)

e(F(a)) = (lyF(a))*
FA———— UFA

an(A) lUFnA

FUFA—— UFUFA

e(FA)OOOOO U(e(FA)): UFUFA — UFA
00000 e(F(A): FUFA— FAOODO

e(F(A))Fn(A) =1
00000000000

Un(A') = UA(EA))n(A") D 0
n(A)x = 1(FA)O
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Un(A') = U(e(FA) Fn(A"))n(A") 0 O
n(ANx = e(FA)Fp(A) O O
lp=cFFpO0O00000OO

gbbqpObOO0O0e00DbO0O0O0bLOO

4 00O

EFOFn—lp, EO’I’]U—lU
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UFU(F(a)) +%— FU(F(a))
n(U(a))< )U@(F(a») lsw(a))

U(F(a)) «——F— Fl(a)

FUFU(F(a)) «2— FU(F(a))

Fﬂ(U(a))<\ FU(e(F(a))) lE(F(a))

FUF(a) +—X——UF(a)

Fn(a)< )eF(a) Tﬂ(a)
F(

a) «———— (a)

5 Monad

(T, n, i)
T:A— A

n:lg—T
w:T? =T
pwoln =1y = ponT Unity law
po I = poTyu association law

AN o YRR
nTl X lu Tul lﬂ
T2 T> T T2 T> T
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6 Adjoint to Monad

Monad (UF, n , Ue F) on adjoint (U,F, n , € )

eFoFu = 1p
Usopl = 1y

poTn = (UsF)o(UFn)=U(eFoFn)=Ulr=1yr
ponT = (UeF)o(nUF)= (UcsonU)F =1yF = 1yr

(UeF)o(mUFE) = (U(e(F (b)) (UF(n(b)))
= U(e(F(b)F(n(b))) =U(lp)
UFUFUF “FUE Uy R FUFUF <EUE, pUF FU@) 2% o
UFUsFl erF FUsFl }F FU( f)l fJ
UFUF —£ S UF FUF ———F FU(b) —— b

association law

popul = polpu
Ue(a)F oUe(a)FFU = Ue(a)F o FUUs(a)F

UeFoUeFFU =UeF o FUUeF
naturality of €

e(D)FU(f)(a) = fe(a)
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UeF o FUUeF =UeF oUeFFU

FUF(a by pUp(a)

lé(F(a)) la(FUF(a))

F(a)WFUF(a)

7 Eilenberg-Moore category

(T, n, )
AT object (A, ¢)

¢n(A) = 14, 0u(A) = ¢T(¢)

arrow f.
oT(f) = fo
a "% () T2(a) % T(a)
\ Jqs T(¢)l l(b

8 EM on monoid

fra—0
T:a— (m,a)

14

(eF)(eFUF(a))
U((eF)(eFUF(a)))
U((eF)(eFUF(a)))



a9 (1) (my(0)) 2D ()
\ l(ﬁ T(¢)l l¢>
la (m,m'a) — > mm'a

object (a, ). arrow f.

¢T<f)(m7a) = fgb(m? a)

¢(m, f(a)) = f(a)

U AT - A

U'a,¢) = a,UT(f) = f

FT:A— AT

F'(a) = (T(a), p(a)), F*(f) = T(F)

9 Comparison Functor K’

K'(B) = (U(B), Ue(B))a, K*(f) = U(g)
UTKTE) U(b)

UTK(f) =UTU(f) = U(f)
K'F(a) =( F(a),Ue(F(a))) = (T(a), u(a)) = F*(a)
K'F(f)=UF(f )ZT(f) =F'(f)

nU(a,¢) =n(a),Us(a, ¢) = e" KT (b) = Use(b)
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B KL, AT

NG
U
F

Ap+—— A

10 Kleisli Category

Object of A.
Arrow f:a—T(a)in A. In A, f:b—¢,g:c—d,
gx f=ud)T(g)f
n(b) : b — T'(b) is an identity.
7 (0) = AT () = WIS = 15(0)f =
an
n(c) « f=p(c)Tn(c)f =1r(c)f = f
association law g * (f x h) = (g * f) * h,
h:a—=T0),f:b—=>T(c),g9:c—T(d),
naturality of u

16



Fxh T(e) 9 200y L Py

g* (f*h) 7(d) 2 72(d) « 29 7(e) A 200) LY )

(g% f) * h T(d) <" 12(qy SO gy 9 g2y S gy g

(g% f) *h 7(d) 2y D gy 9 ey Uy g
g f T(d) < 2@y « L9 o) Ly

u(d)l w(T(d)) lﬂ(c)
T(d) <Y T(T(d)) «—2— T(c)
gx(f*h) = gx(uc)T(f)h)
= u(d)(T(9)) ((e)T(f))
= wWd)T(g)u(c)T(f)h

I
=
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(m, (m m’ )) (mm( ,a)) No, but

11 Ok

T(g)u(c) =T(u(d)T*(g) DODDOOODODO
u(d)T?%(g) = T(g)p(c)
0000000 w(dT(u(d)T?(g) 00
p(d)p(d)T*(9g)
afufulsfalalaln
u(d)T (pu(d)) = p(d)p(T(d))

12 monoid in Kleisli category

T:a— (m,a)
T:f—((mya) = (m, f(a))
p(a) : (m, (m',a :
fra— (m, f(a)

g f(b) = p(d)T(9)f(b) = u(d)T(g)(m, f(b))
= p(m, (m’,gf(b))) = (mm', gf(b))
(g% f)*xh(a) = p(d)T(u(d)T(g9)f)h(a) = p(d)T(u(d))(TT(g)T(f)(m, h(a))
= w(d)T(u(d))(TT(g))(m, (m', fh(a))
= pu(d)T(u(d)(m, (m', (m", gfh(a)))) = (mm'm”, gfh(a))
g*(fxh)(a) = (@)(T(g))u(e)T(f)(m, h(a))



u(d)T (g)(mm’, fh(a)) =

(mm'm", g fh(a

13 Resolution of Kleiseli category

fra—bg:b—c
UT AT — A
Ur(a) =T(a)
Ur(f) = p0)T(f)
g [ =ud)T(g)f

Ur(g * f)

Ur(9)Ur(f)
T(g)p(d)

TT(9)

T

lﬂ(c)

T

T(g)

FT A — AT
Fr(a) =a
Fr(f) =n(b)f
Fr(la) = n(a)

—

1rr@)

Fr(g) * Fr(f)

(9))Er(f)
)g)n(b) f
0))()()f

—~

)

) association law



n(c)g =T(g)n(b)

poTn=1p = ponT Unity law

€T((l) = 1T(a)

= u

UrerFr

Ur(1r() = p(a)

UTET(CL) =

UTSTFTCL<G)

= UT(lT(a)n(T(a)))

Ur(er(a))n(Ur(a))

—~
—~

=]
/T\\a)T
=5~
|
3
= 8~
& — "
1T1
~ Il ~—
~ =&
—~
3 3
~— ~— —~
N &~ =
~—~ — K
SEESEES
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S~
S~—
€Y
Il
— 3=
S— ~ W
SN—
€
s == s
—
S o 3 3 e 2=
~— TN~ F\l/\l/g
3 __\LUFF — &=
O ES o — kD
cE EEEE TE 23 =
L TR TS S A X
o~ — ~—
N R R
[ | | | | S s D
OO
Sicios SRR RS
N— — N N
A& & o ® o » kK

o~ o~ o~ o~ o~

13.1 Comparison functor Ky
Adjoint (B,U, F,¢e), Ky : Ar — B,

g:b—c
Kr
T
)
7
<(F(0))FUF(g

21

lﬁ(F(b))

F(e))

F(e)

FUF(e)EED by p o))



FUFU(e) DYy pur(e))

15 association of Functor

T(f)T(g)(m,a) =T(f)(m,g(a)) = (m, fg(a)) = T(fg)(m,a)
w:Txl —T
1a(T(T'(a)) = pa((m, (m’,a))) = (m+m', a)

16 17T
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17 naturality of u

TT(f) (f)
770 " T(h)
u(O)TT(f)TT(a) = T(f)u(a) T (a)
pO)TT(f)TT(a) = p(b)((m, (m, f(a))) = (m*m’, f(a))
T(f)u(a)(TT(a)) = T(f)(m*m',a) = (mxm', f(a))
18 poup
Horizontal composition of p
f = prT(a)
a— TT(a)
ur(@)TTT(a) = pr(a)(m, (', (m",a))) = (m ', (m", a))
(TTT(a))

TTTT(a)—3'TTT(a)
TT(p) lT (w)

TTT(a) Y pp(a)

T(pa)ptaTTTT (a) = T(pa)tta(mo, (m1, (me, (ms,a))))
T'(pa)(mo * my, (Mg, (M3, a))) =

,LLbTT(:ua)TTTT(a) :U'bTT(:uame? (m ) (m27 (m37 a ) )

Horizontal composition of natural transformation

23

, (Mg xmg3, a))

Mb(mm (mh (mz *mg, a))) = (mp * My, (m2 *msg, a))



19 Natural transformation ¢ and Functor F' :
A—-BU:B— A

e: FUFU — FU
EIFU—>13
Naturality of €

FU(a) SR
J/FU(f) Jf

FU®) — 4y (W) FU(f)a = fe(a)a

FUFU(a) ™ py(q)
FUFU(f) FU(f)

(FU (b))

FUFU(b) FU(b)

c(FUB)FUFU(f)FU(a) = FU(f)e(FU(a))FU(a)

20 Vertial Compositon c e ¢

coec: FUFU — 1B
e(FU(a

FUFU(a) "% pya) =2 o

FUFU() FU(f) lf

FUFU®b) S pyegy =y

21 Vertial Compositon c e ¢

coec: FUFU — 1B
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FUFU(a) Y pya) =2 4

lFUFU( f) lFU( i) Jf

FUFU(b) R pyy s p

22 Vertial Compositon c e ¢

cec: FUFU — 1B
FUFU (a) 22

lFUFU( f) FU(f) lf

FUFU®b) 7 pyy Py

) FU(a) =2 o

23 Vertial Compositon c e ¢

cec: FUFU — 1B

FUFU (a) 24 2

— FU(a )—>a

lFUFU( D) lFU( D) lf

FUFU(b) D pyy s p

24 Vertial Compositon c e ¢

cec: FUFU — 1B
FUFU(a) ) pu(a) =2 4

lFUFU( ) lFU( ) lf

FUFU®b) L pypy =y

25 Vertial Compositon c e ¢

cec: FUFU — 1B
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FUFU(a) Y pya) =2 4

lFUFU( f) lFU( i) Jf

FUFU(b) R pyy s p

26 Vertcial Compositon c e ¢

cec: FUFU — 1B
FUFU(a) Y pya) =2 o

lFUFU( f) FU(f) lf

FUFU®b) 7 pyy Py

27 Horizontal Composition co¢

FUFU FU B
FU FU
| |
1p 1p

B B « B

cf. FUFU, FU has objects of B.
coe: FUFU — 15lp
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FUFU(®b) 29 1,

J/FUE(b) J/las(b)

FUL0b) —P 5 1,

that is

FUFU®) 2% pue)

J/FUE(b) ls(b)

FU®b) —Y .y

e(b) : b — £(b) arrow of B
€IFU—>13
e(b): FU(b) — b

b —— U() —L— FU(b) —=b

replace f by €(b), a by FU(b) in naturality e(b)FU(f)a = fe(a)a
e(b)FU(e(b))FU(b) = ee(FU(b))FU(b)

remove FU(b) on right,

e(b)FU(e(b)) = e(b)e(FU (b))

this shows commutativity of previous diagram

e(b)e(FU(D)) =¢e(b)FU(e(b))

that is

eel’'U =elUe

27



28 Horizontal Composition co¢

FUFU FU B
FU FU
| |
1p 1p

B B < B

cf. FUFU, FU has objects of B.
€O€ZFUFU—>13]_B

FUFU®) 7%,

lFUe(b) llaa(b)

that is

eFU(

FUFU(®b) < o)

lFUe(b) lz—:(b)

FU®b) —Y

e(b) : b — £(b) arrow of B
e: FU — 1p
e(b): FU(b) —» b

28



b U —E P =Py

replace f by e(b), a by FU(b) in naturality e(b)FU(f)a = fe(a)a
e(b)FU(e(b))FU(b) = ee(FU(b))FU (b)

remove F'U(b) on right,

e(b)FU(e(b)) = e(b)e(FU (b))

this shows commutativity of previous diagram

e(b)e(FU(D)) =e(b)FU(e(b))

that is

eeFU =elFUe

29 Horizontal Composition o ¢

FUFU FU B
FU FU
| |
1p 1p

B B < B

cf. FUFU, FU has objects of B.
€O€ZFUFU—>13]_B

FUFU®) 7%,

lFUE(b) llaa(b)

29



that is

FUFU(®b) <2 pu )

lFUa(b) lz—:(b)

FU®b) —Y

g(b) : b — £(b) arrow of B
e: FU — 1p
e(b): FU(b) — b

b —Y— U®Ob) —L— FUOb) —

replace f by e(b), a by FU(b) in naturality e(b)FU(f)a = fe(a)a
e(b)FU(e(b))FU(b) = ec(FU(b))FU(b)

remove FU(b) on right,

e(b)FU(e(b)) = e(b)e(FU(D))

this shows commutativity of previous diagram

e(b)e(FU(b)) = e(b)FU(e(b))

that is

eeFU =elUe

30



30 Horizontal Composition co¢

FUFU FU B
FU FU
| |
1p 1p

B B < B

cf. FUFU, FU has objects of B.
€O€ZFUFU—>13]_B

FUFU®) 7%,

lFUe(b) llaa(b)

that is

eFU(

FUFU(®b) < o)

lFUe(b) lz—:(b)

FU®b) —Y

e(b) : b — £(b) arrow of B
e: FU — 1p
e(b): FU(b) —» b

31



b U —E P =Py

replace f by e(b), a by FU(b) in naturality e(b)FU(f)a = fe(a)a
e(b)FU(e(b))FU(b) = ee(FU(b))FU (b)

remove F'U(b) on right,

e(b)FU(e(b)) = e(b)e(FU (b))

this shows commutativity of previous diagram

e(b)e(FU(D)) =e(b)FU(e(b))

that is

eeFU =elFUe

31 Horizontal Composition o ¢

FUFU FU B
FU FU
| |
1p 1p

B B < B

cf. FUFU, FU has objects of B.
€O€ZFUFU—>13]_B

FUFU®) 7%,

lFUE(b) llaa(b)

32



that is

FUFU(®b) <2 pu )

lFUa(b) lz—:(b)

FU®b) —Y

g(b) : b — £(b) arrow of B
e: FU — 1p
e(b): FU(b) — b

b —Y— U®Ob) —L— FUOb) —

replace f by e(b), a by FU(b) in naturality e(b)FU(f)a = fe(a)a
e(b)FU(e(b))FU(b) = ec(FU(b))FU(b)

remove FU(b) on right,

e(b)FU(e(b)) = e(b)e(FU(D))

this shows commutativity of previous diagram

e(b)e(FU(b)) = e(b)FU(e(b))

that is

eeFU =elUe

33



32 Horizontal Composition co¢

FUFU FU B
FU FU
| |
1p 1p

B B < B

cf. FUFU, FU has objects of B.
€O€ZFUFU—>13]_B

FUFU®) 7%,

lFUe(b) llaa(b)

that is

eFU(

FUFU(®b) < o)

lFUe(b) lz—:(b)

FU®b) —Y

e(b) : b — £(b) arrow of B
e: FU — 1p
e(b): FU(b) —» b

34



b U —E P =Py

replace f by e(b), a by FU(b) in naturality e(b)FU(f)a = fe(a)a
e(b)FU(e(b))FU(b) = ee(FU(b))FU (b)

remove F'U(b) on right,

e(b)FU(e(b)) = e(b)e(FU (b))

this shows commutativity of previous diagram

e(b)e(FU(D)) =e(b)FU(e(b))

that is

eeFU =elFUe

33 Horizontal Composition o ¢

FUFU FU B
FU FU
| |
1p 1p

B B < B

cf. FUFU, FU has objects of B.
€O€ZFUFU—>13]_B

FUFU®) 7%,

lFUE(b) llaa(b)

35



that is

FUFU(®b) <2 pu )

lFUa(b) lz—:(b)

FU®b) —Y

g(b) : b — £(b) arrow of B
e FU — 1p
e(b): FU(b) — b

b —Y— U®Ob) —L— FUOb) —

replace f by e(b), a by FU(b) in naturality e(b)FU(f)a = fe(a)a
e(b)FU(e(b))FU(b) = ec(FU(b))FU(b)

remove FU(b) on right,

e(b)FU(e(b)) = e(b)e(FU(D))

this shows commutativity of previous diagram

e(b)e(FU(b)) = e(b)FU(e(b))

that is

eeFU =elUe

34 Yoneda Functor

Y : A — SetsA”
Homy : A°? x A — Sets
g:d —=ah:b—=V
Homu((g,h)) : Homex(a,b) — {hfg|f € Homea(a,b)}
Homa((g,h) o (g',h) : Homea(a,b) — {hh/fgg'|f € Homes(a,b)}
Homu((g,h))Homa((¢',h")) : Homea(a,b) — {h'f¢'|f € Homea(a,b)} —
{hh' fgqd'|f € Homea(a,b)}

36



Hom? : A% — Sets”

fPra—c(f:c—a)

g :c—d(g:d—c)

Home*(a) : a — \b.Hom(a,b)

Home* (fP) : (a — Ab.Homa(a,b)) — (¢ — No.Homa(f(c),b))

Home’ (gPf°P) : (a — Ab.Homy(a, b)) — (d — Ab.Homa(fg(d),b))

Home* (g°P)Home* (fP) : (a — Ab.Homa(a,b)) = (¢ — Xb.Homa(f(c),b)) —
(d— Ab.Homa(fg(d),b))

Hom*op 1 A — Sets”

fic—=bg:d—c

Home* o (b) : b — Aa.Hom pon(a, b)

Homeop (f) : (b — Ma.Homaor(a, b)) — (¢ = Aa.Hom aor(a, f(c)))

Homelop,(gf) : (b = Aa.Homper(a,b)) — (d — Xa.Hom e (a, gf(d)))

HomeXop(g)Home o (f) 2 (b — Aa.Hom gor (a, b)) — (¢ = Aa.Hom gon (a, f(c))) —
(d = Xa.Hom gor(a, g f(d)))

Arrows in SetA”?

f:b—c=(b— Na.Homae(a,b)) — (¢ = Aa.Hom e (a, f(c)))

SetA” : A% — Set

an object b = Aa.Hom gop(a, b) is a functor from A% to Set.

t: (Aa.Homaer(a, b)) — (Aa.Homger(a,t(c))) should be a natural trans-
formatin.

foP:(b:AP) = (c: AP)=f:c—Db

Hom o (a, c) BLGIN Hom o (a,t(c))
J/Home*A(’p(a,f) THome*A"p(a,f)

Hom gov(a,b) BLIUIN Hom gor(a,t(b))
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34.1 Contravariant functor

he = Homa(—, a)
f:b—c,Homa(f,1,): Homa(c,a) — Homa(b,a)

35 Yoneda Functor

Y : A — SetsA”
Homy : AP x A — Sets
g:d —ah:b—=V
Homyu((g,h)) : Homea(a,b) — {hfg|f € Homea(a,b)}
Homa((g,h) o (g',h') : Homea(a,b) — {hh' fgg'|f € Home(a,b)}
Homa((g,h))Homa((¢', 1)) : Homea(a,b) — {W' f¢'|f € Homes(a,b)} —
{hh'fgq'|f € Homea(a,b)}

g g
a a s a”

)

b h b < h b

Hom? : A% — Sets”

fPra—c(f:c—a)

g?:c—d(g:d—c)

Home*(a) : a — \b.Hom4(a,b)

Home* (fP) : (a — Ab.Homa(a,b)) — (¢ — No.Homa(f(c),b))

Home’ (g°Pf°P) : (a — Ab.Homy(a, b)) — (d — Ab.Homa(fg(d),b))

Home*(g°?) Home  (fP) : (a — Ab.Hom(a, b)) — (¢ = Ab.Hom(f(c),b)) —
(d— Ab.Homa(fg(d),b))

Hom*op : A — SetsA”

fic—=bg:d—c

Home* o (b) : b — Aa.Hom pon(a, b)

Homeop (f) : (b — Ma.Homaer(a, b)) — (¢ = Aa.Hom e (a, f(c)))

Homelo,(gf) : (b= Aa.Homper(a,b)) — (d — Aa.Hom e (a, gf(d)))

HomeXop (g)Home o (f) 2 (b — Ma.Hom gor(a, b)) — (¢ = Ma.Homaen (a, f(c))) —
(d = Xa.Hom gor(a, g f(d)))

Arrows in SetA”?
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f:b—c=(b— Xa.Homaew(a,b)) = (¢ — Aa.Hom er(a, f(c)))
SetA” 1 AP — Set
an object b = Aa.Hom op(a,b) is a functor from A to Set.
t: (Aa.Homaer(a,b)) — (Aa.Hom gor(a,t(c))) should be a natural trans-
formatin.

for:(b:AP) = (c: AP)=f:c—D

Hom go (a, c) SLGIN Hom gor(a,t(c))

J/Home*A"p(a,f) THome*A"p(a,f)

Hom aon(a, b) BLLUIN Hom gop(a,t(b))

35.1 Contravariant functor

h, = Homa(—, a)
f:b—c,Homa(f,1,): Homa(c,a) — Homa(b,a)

36 Yoneda Functor

Y : A — SetsA”
Homy : AP x A — Sets
g:d —ah:b—=V
Homa((g,h)) : Homea(a,b) — {hfg|f € Homes(a,b)}
Homyu((g,h) o (¢',h') : Homea(a,b) — {hh'fgq'|f € Homea(a,b)}
Homa((g,h))Homa((¢', 1)) : Homea(a,b) — {W' f¢'|f € Homes(a,b)} —
{hh'fgg'|f € Homea(a,b)}

g g
a a s a”

Hom? : A? — Sets?
fPrra—c(f:c—a)
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g?:c—d(g:d—c)

Home*(a) : a — \b.Homy(a,b)

Home* (fP) : (a — Ab.Homa(a,b)) — (¢ — Nb.Homa(f(c),b))

Home* (g°P fP) : (a — Nb.Homa(a,b)) — (d — Nb.Hom(fg(d),b))

Home*(g°P)Home* (fP) : (a — Nb.Hom(a,b)) — (¢ — Xb.Hom(f(c),b)) —
(d — Xo.Homa(fg(d),b))

Hom'., : A — SetsA”

fie=>bg:d—c

Home*op(b) : b — Xa.Hom o0 (a, b)

Home o (f) : (b = Aa.Hom or(a,b)) — (¢ = Aa.Hom or(a, f(c)))

Homelop(gf) : (b = Aa.Homper(a,b)) — (d — Aa.Hom e (a, gf(d)))

HomeXop (g)Home o (f) 2 (b — Aa.Hom gor(a, b)) — (¢ = Aa.Hom on (a, f(c))) —
(d — Xa.Hom gor(a, g f(d)))

Arrows in SetA”?

f:b—=c=(b— Na.Homaew(a,b)) — (¢ = Aa.Hom e (a, f(c)))

SetA” . A% — Set

an object b = Aa.Hom or(a,b) is a functor from A% to Set.

t: (Aa.Homaer(a, b)) — (Aa.Homger(a,t(c))) should be a natural trans-
formatin.

foP:(b:A%P) = (c: AP)=f:c—b

Hom o (a, c) BLCIN Hom o (a,t(c))
J/Home*AoP(a,f) THome*A"p(a,f)

Hom gov(a,b) BLIUIN Hom gor(a,t(b))

36.1 Contravariant functor

he = Homu(—,a)
f:b—c,Homa(f,1,): Homa(c,a) — Homa(b,a)

37 Yoneda Functor

Y : A — SetsA”
Hom, : A? x A — Sets
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g:d —ah:b—=V

Homa((g,h)) : Homea(a,b) — {hfg|f € Homes(a,b)}

Homa((g,h) o (g, 1) : Homea(a,b) — {hh'fgq'|f € Home(a,b)}

Homa((g,h))Homa((¢', 1)) : Homea(a,b) — {W' f¢'|f € Homes(a,b)} —
{hh'fgq'|f € Homea(a,b)}

g g
a a s a”

)

R

Hom? : A? — Sets?

fPra—c(f:c—a)

g?:c—d(g:d—c)

Home*(a) : a — \b.Hom (a,b)

Home* (f?) : (a — Nb.Homa(a,b)) — (¢ — No.Hom(f(c),b))

Home* (9P fP) : (a — Nb.Hom(a,b)) — (d — Nb.Hom(fg(d),b))

Home*(g°P)Home* (f?) : (a — Ab.Hom(a, b)) — (¢ = Ab.Hom(f(c),b)) —
(d — Xb.Homa(fg(d),b))

Hom', : A — Sets?”

fic—=bg:d—c

Home*op(b) : b — Aa.Hom or(a, b)

Homelop, (f) : (b = Aa.Homaer(a,b)) — (¢ = Aa.Hom e (a, f(c)))

Homeop(9f) : (b — Aa.Hompor(a, b)) — (d = Aa.Hom aer(a, gf(d)))

Home*op (9) Homebop (f) = (b = Aa.Homaor(a, b)) = (¢ = Aa.Hom e (a, f(c))) —
(d = Xa.Hom gor(a, g f(d)))

Arrows in SetA”?

f:b—c=(b— Xa.Homaew(a,b)) = (¢ — Aa.Homer(a, f(c)))

SetA™ : AP — Set

an object b = Aa.Hom gop(a,b) is a functor from A to Set.

t: (Aa.Homaen(a,b)) — (Aa.Homaor(a,t(c))) should be a natural trans-
formatin.

fP:(b:AP) = (c: A?)=f:c—b
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Hom gov (a, c) 9, Hom aon(a,t(c))
J/Home*AoP(a,f) THome*A(’p(a,f)

Hom gov(a,b) BLUIN Hom aor(a,t(b))

37.1 Contravariant functor

he = Homy(—,a)
f:b—c,Homa(f,1,): Homa(c,a) — Homa(b,a)
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