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[1 30 Categorical Definitions of
Monad

20000000000000000000 Menad000000000000000O0
003000 category 000 Monad 000000000 Monad 0000000000
00 Monad 0000000000000000000 [7][4)0

3.1 Category

000 Monad DO0OO0OODOO Category (0)0OD0OO0O0DOOO
category U 2000 0O00OONO

e object (0 0O)
e morphism (O, arrow)

object 00 object OO OO OOOO

morphism OO0O00000O0O0ODODO0ODO domain 0000000 DOODODODOO
codomain OO0 O0OO00O0O domain OO codomain 0O object OOOOOOOMO
0 morphism 0 O 0 Odomain A 0 codomain B 0 0O 0O morphism f 00 3.1 000
OO00oOoooogo

f:A—B (3.1)

000 category O object O moprhism OO 0O 2000000000

e 1000 object OO DO identity mapping 0 0O 00O O

identity mapping 0 O domain O codomain O 0O O object O O O morphism 0O [
0000 0Oidentity mapping 0 id OO0 0O0id D000 object DOODOOODOO
object AODDOO idO dy OODOO

e IO obejct 0 domain U codomain DO OO OO 200 morphism 0000000
Ooo0obobobooooooooooo
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morphism OO0 00000 oOOOOOobject BOO C OO morphism f 0 object
AOO BOO morphismg OO OOO00O fO0 gO0O0OD0DOOO 320000

fog: A= C (3.2)

O00O0Omorphism OO0 ODOO0OOO0OODOODOOOOODOOOOO 3300
gooogo

f:C—=D
g:B—=C
h:A—B
(fog)oh=fo(goh): A— D (3.3)

OO00O0Oobject ABO A OO B OO morphism OO0 category 00O 3.10000
ogo

1A 1B

C\Av f

» B

0 3.1: object A,B O morpshim f 0 0O O category

O00idOO0O0O object DO ODOODOODOODODODODOODOODODODDOODO
goooo

object 0 0 Omorphism 00000000 commutative diagram (000 0) 00000
0 object 0O object OO morphism DO OO0 pathOOODODOD0O0OO0OOOOOOO0O
000 commutative (0 0)00000000O0O 3.30 category 0 commutative diagram
o0 320000000

commutative diagram 0 commutative 0 00O O O morphism OO0 O O0O0O0O0O0OOO
O0o0ob00obobobobobo0ob00o0obo0ob00obO0Oon diagram chasing OO0 O
00000 category O mapping O O diagram chasing 00000000000 OO0OO
gooobogo
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fo(goh)

0 3.2: 0 3.3 0 morphism OO O OO0 category O OO commutative diagram

3.2 Functor

3.1 000 category UUOUOUODODO3.2000 category U U category U 1 mapping U
00 Functor (00)0 00000000

functor F OO 00O category C OO D OO mapping 00O O functor F OO OO
category C O object 00 0O 0O morphism OO0 x O category D O object 00 0O
morphism 0000000000 34000000000

F(x) (3.4)
functor OO0 00 functor 0O OO OO

e idIDUODO
category CO OO0 object ADO id1,0 FADODOOD dOODOODODODO

F(L1) = Lo (35)

e morphism OO0 O0O000OOO

category COO0ODO morphism f g 00D O0ODOO0O0OOODOO fogO FOODO
mapping 0 0000f0 gO0O00O FOOO mapping 00000000 OOO
oooooad

F(fog)=F(f)oF(g) (3.6)
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functor 0O 0ODOOOOOO 300 object A,B,C O morphism f,g.h OO0 category
CODO0ODOOcategory CO morphism OO 3.70000000O

f:A=C (3.7)
g:B—0B
h:B—C
f=goh

000 200 object A’, B' 0 morphism f’, ¢’ 000 category D O 0O O O O category
D O morphism 00O 3.80000000

fiB = A (3.8)
g: A — B

COO0ODOO functor FOO 390 00000000ODO
gbobooboboboibobl mappingd000000O0000O00OO Functor O
gobobooon

F(A) = A (3.9)
F(B) =B
F(C) = A
F(ida) = F(ida)
F(idp) = F(idp)
F(ide) = F(id)
F(f) = idy
F(g) =4
F(h)=f

F(hog)=F(h)oF(g)=f'og =idy = F(f)

functor F 0 0O OO category C O category D OO mapping DO0DO0OO 3.30000
functor 0 O O category 0 O category 00 mapping 000000000 O00D0O0O
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Category D

Category C

O 3.3: Functor O O

14



3.3 Natural Transformation

32000 category OO category OO mapping 0 OO functor 0O OO OOOO3.3
000 functor O functor 000000 Natural Transformation(D0 000 )00000O
gono

category CO0O D OO functor F, GOOOODDODUOOFODO GOODOO t0000OO0

t 0 category CO ADODOOFA)OO GA)DOOODOOOODO (O 3.10)0

t(A): F(A) —» G(A) (3.10)
t0 0311000000t 0 natural transformation O 0O O O

f:A>B (3.11)
G(f)t(A) = t(B)F(f)

t 0 natural transformation D 0O OO category AODDOOO A O functor FOODOO
O00 morphism D O0OOO0O0O functor GOOODOOO morphism 0O0O0O0OOOO
oooobooboboboo3itgoobobo 340000

{(A)

F(B) » G(B)

034: 00000000 (03.11)

3.4 Monad

3.3000 functor O 0O 0O OO natural transformation 0 00000 OO
category, functor, natural transformation 0 OO0 Monad OO OO0 O
category COO 00 monad 0000000000 triple(T,n,p) 0000

o T:C—C
category C 00O C OO functor T

15



o n:ide —T

C OO0 T OO natural transformation n
o :T? =T

T2 00 T OO natural transformation g

0007?00 77T 0000000000000 functor T OO0 mapping 0 20
0obo0oboob0oobo noboooboo rT™uoboobo

00 triple(T,n,p) 00 3.5000000000000A00C00 w0 ua00O00ODOO
ooooo AogooqnpOo nuOooOO

s My 2 Mw . 1N,
TA > TA TA ——» TA «—— TA
V!
T, u, N lAﬁA
T°A > TA TA
Ma

O 3.5: triple(T,n,p) O Monad OO0 OO0 O0O0O0O0O0O0OOOO

03500000000 monad DOOOOO MonadODODOOOTOOOODOOODO
goobodbdqgp0 TO1O0DOODOODODOODODOeD TO 2000100
gobobooooobobogao

0000000 TO 300DDODOoOoOoOoOOooOOoOoOgTTTODODODO (TTH)TOOOO
00200 TO p0000O00O0OOOO TTOOOO pODOOODOOO T(TT)DOOO
gooobo200TO p00ooooo0obOO TTOODO pObooboOoooobobog
googoooooTrIrooobbooboobooboobboobooboobd
god

Ooooooooobo To10bob0obooo0obooogoTAODODO pODDOO
TTAODODO pnO0D00ODOOOOTAODOD ADODODD nODOODO TTAODO
O p,0000000 TADidODOODOOOODOODODOODOOOOOTODODOOO
O00000000000000000000 triple(T,n,p) 00000000 0O0ODO
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(140 Monads in Functional
Programming

03000 category OO O Monad OO DOO00OD0OO00O0O400000000000000
Monad 00 O0OOO0DO0OO0OODODOOQO category O functor, natural transformation
OddddOMonad OO DOOOODODDOODODOOOOOOOOOODOOO

4.1 Category

34000 Monad DODOODOODODODO4100000000 category DODOODO
gooobog

gobboogobbbuooobbbod
OO000obO0ob0obO0o0ob0obDobOxb00D AQDOooOooo41b0ob0oOoboOonDOo

x: A (4.1)

0000000000000 0oOo0o0ooADOO BOOODOO fOOOD 4200
goooboood

f:A—B (4.2)

gbbogudbooobuogbbodboobobuoobboobouobooboonbooba
oOO0ODODOUOD AODDO BOODOO fODb BOOO COOODO goOoDbO
0430000000

f:A—B (4.3)
g:B—=>C
gof:A—C

000000 object OO0 OO morphism 00O 0O category 00000 OO
00 category O category 00000000000 DOODOOOOOOOO
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e (1000 object UUOODO identity mapping 0 0 0O 0O O

O000 ADOD A—-AQ0Q0000 dDOOOOOD identitiy mapping 0 0O
Ooo00ob0ob0obobO0oOx0bobOobOoobobobOoboOobDooOD dOo
goo

e [10 obejct 0 domain 0 codomain 0O O0OO0O0 200 morphismO OO0 OO0
OO000D0D0D0O0O0o0oooooooood

morphism DO O0OO00O0O0O0O domain 000000000 codomain OO OO
O000O0Omorphism 000000000000 DOODOOOOOOODOODOOO
Ooooooooooo

UO0bobDooodin category DO ODUOOOOOLDODUOOOOOODOOOOOODOOO
O00 Haskel DO OO0 0O0OO0O0OOOOOO category DOODOOOOOOOOOOO
00000 Haskell DO DO DOOOOODOOODOOODOO

4.2 Functor

41000000000 category OO ODOODOOODODOOODOO4.200000000
0000 functor OO OOOOO0O

000000000 functor 00000000000 DODOOOODOOOODODOODOOO
0000000000000 00000000000DbDO000000000LIst00n
ooooo

O00D00List 000D List 00000 Bool List DOOOODOOOOODDOO
O List000000O0O000000000000000OOO000000000O0OOOO
Oo0DoOoooooooo

A Type (4.4)
ListA : Type
List : T'ype — T'ype

U00b00obo0ob0o0bOd category DO List OO List HOODOOO0ODOOOO
O category DO DOODOOOOODO functor DODOODOODOODO
Haskell OO functor 0000 41 0000000000000 0O0O0OO

OO0 4.1: Haskel OO OO Functor O OO

class Functor f where
fmap :: (a ->b) >fa->fb

18




U W N =

functor 00000000000 DO fO00000O0O00OOO0OOO0OOO functor O
000000000000 mep 000D OD0DO0ODOO0ODOOODODODOOOfmap OO
aldO00bO0OO0OD0O0O0Ofab0OO0 fhO00O0O0OD00O0OOfO0O0OOO0ODOO0OfO0O
000000000 b0o0ob0o0ob0o0obooboD0o0oobDOdd morpshim OO0
O00000fmapd A— B O morphism 0 FA— FBUODO mapping 0000000
O000000 fmap OO0 fmap :: (a ->b) > ((f a) > (f b)) DO00OOOOO
OO0000O0DOfO0b00O00DO00O0DO0ODbOO0ODbOobObOODOoDOn

O00Ofmap 000 feOODOODOOOOOfOD00ODO0ODO0ODOODOOODOODOOOOO
object 00D OOOOO ADO object 0 F(A) OO mapping 00000 fO000000
000000000000 00000f00000 fmap O0D0O00D0O0ODOO functor
oooonoon

functor 00000000 Int 00000 xO Int 00O Bool OODO even 0O OO0
000000000000 category C O object O Int OO OO morphism O even O 0
0 O category C O functor 000000 category DO OODODOOOO

OO0 List 0OO category DO DO OO

OO0 Haskell OO0 List O00O0O0O0OList 00000 aOO00OO ListaOODOODO
O ListO NilOODOListaOOOO aO000 Cons00000OD0OOODOO ListOOO
ooooog

000 List 0 Functor OO 000000 Ofmap 0 aO000O0 bODOODOODOODODO List
al0O0O0 Lst b OODOOOOOODOOOO0ODO0ODOD ListODOO0Oooooooo
goooboobon

O0O0o0b0Oooooo4200000

000 4.2: Haskell DO OO List OO

data List a = Nil | Cons a (List a) deriving (Show)

instance Functor List where
fmap £ Nil = Nil
fmap f (Cons x xs) = Cons (f x) (fmap f xs)

IntO0000x0O00IntO00 BoolOOOO even DOOOOeven 0 xOOOOOO
Bool OO O

O000x000 List 00O List Int 0000 fmap 0000 even O List Int 00O
000 List BoolOOOOHaskel 0O OO0OO0OO0O0OOOODO43 0000000

xOeven OODOODDO0OO0O0O00O0ODOD ListD fmap D0000000O0ODO List OO0
0000000000000 BoolOOOODDOODODOOOOOOOODODODOD List OO
000000 functor DO OO0

000000000000 00 fmap0 0000000 0OO0OOOOOOOOODODOO
O000doo functor 00000000 DO0O0OOOOOO 410000

19




0 N O Uk W=

e e
=W N = O ©

000 43: Haskell OO0 List DO OO

*Main> let x = 100 :: Int

*Main> let even = even :: Int -> Bool
*Main> :type x

x :: Int

*Main> :type even

even :: Int -> Bool

*Main> :type (even x)

(even x) :: Bool

*Main> let list = Cons x Nil
*Main> :type list
list :: List Int
*Main> :type fmap even list
fmap even list :: List Bool

» List Int

0 4.1: Haskell OOO0O Functor OO0 OOOOOO

functor DO ODOO0OOO03200000000 Functor OO OOOOOOOODODO
fmap OO ODODOOODOOODOOO

Haskel 0000 Functor 00000 4400000000 [6]0

1000id00bo0obo20000000000000000000D000 Haskell OO
goboboddg .ggooboooon

4.3 Natural Transformation

420 00000000000 functor 0000004300 0000000000 nat-
ural transformation 0000 OO0 O

natural transformation O functor O functor OO0 00000000 OOOOOOO
functor D0 000000000 OO0OOOOOOOOOOOOOOOOODODODODOOOO
oood

natural transformation 00 3400 0000000000000 OOO0O t00000O
00000 functor {0 gOOO0ODOO f0000 morphism OO0OOO tO0OOOO
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O00 4.4: Haskell OO OO Functor O

id
(fmap p) . (fmap q)

fmap id
fmap (p . q)

O0t0000000 gOO0O0 morphism 000000000 DOOODODOOOO t0O
oo0oo0oo0oooon

O000000DO00O natural transformation t 00 34000000000000003
O00O0OHaskel 00 O0O0O0O0O0O0OOOO0ODODODODDDODODOOOOOOOOOOOOO
0 O Haskell O O O O natural transformation 000 000000000000

List 0 0 O 0 natural transformation D OO0 OO0 OList 0000000 List 00O tail
00000 (4.5)0tail 00O Functor List 0 O Functor List O O natural transformation
0o0oD0o0o0oon

O00 45 List 0OD0ODOO0O List OO0 tail OO

3 |tail (Cons x xs)

tail :: List a -> List a
tail Nil Nil
XS

100,200,300 000000 List Int 0O0O0O0ODOO List O functor f 000 00O Int
000 BoolODOOODO even 0 fmap OO DO ODOOODO List Bool OODOOODO

0 00O natural transformation tail D 00O Otail 0 Lista OO ListaOO0OOOOO
000 functor f,g OO0 OO O List OO O O natural transformation D 00O OO tail O
D0000D0 fmapeven D000 fmapeven DO O 0O0O0 tall OOOOODOOODODO
000000000000 0DO0oO0460000

tail (fmap even list) 0 fmap even (tail list) 00000000 List Bool DO OOOO
O000000000000 tall DODOODOODOODOODOODOODOOODO Main.tail
0000000000000 List 0000000000000 DO0O00List 00000
OO0o00o0O0b0obOOoO0o0oOooOobO0obOobOoobOOooOobDOobOobobooooboo

O0000000D00D0DO0 natural transformation 0 O 0O O

O0000O0Db42000000000000000000O0DOO

4.4 Monad

43000000000000 natural transformation 000 000004400000
0000000 Monad DDODOOOOOO

Monad OO O 3500000000 triple(T,n,n,) 00000 T O functor 00 007
0 A—=TAQO p0O T?A — T O natural transformation 0 00 0 O
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000 46: tall DO OO

*Main> :type Main.tail

Main.tail :: List a -> List a

*Main> let list = Cons 100 (Cons 200 (Cons 300 Nil)) :: List Int
*Main> :type list

list :: List Int

*Main> :type even :: Int -> Bool

even :: Int -> Bool :: Int -> Bool

*Main> :type (fmap even list)

fmap even list :: List Bool
*Main> :type Main.tail (fmap even list)
Main.tail (fmap even list) :: List Bool

*Main> :type (Main.tail list)
Main.tail list :: List Int

*Main> :type fmap even (Main.tail list)
fmap even (Main.tail 1list) :: List Bool

*Main> Main.tail (fmap even list)
Cons True (Cons True Nil)
*Main> fmap even (Main.tail list)
Cons True (Cons True Nil)

Haskell D OO0 functor DO OO OOOOO fmapd OO OO O natural transformation
0b0340000000000000O0O00ODODODOODO mapd200000000O000O00
OO0ooooooooood

Haskel 00000 n0 p00000D00OOOODOO

ecta: A->TA

o000 TO functor 0OOOODOOOODO

emu:T (TA) —>TA

000 p0T?—-T000000TOOODO 20 mapping 000000 TOOO
U mapping U0 O UOOOOOOOOO

tail
List Int p List Int

fmap even fmap even

tail
List Bool » List Bool

O 4.2: natural transformation tail O 0 O O

22




U W N

Monad OO O0O0OTOOODOODODODOODOOOOOOOODODOOOODOODODO
goooooOoobooOoobo Tooboo0oooo0oobooooDboOooDboboOoOo An
00000000000 functor TOOO TODODODOOODOODOODODOOO TODO
d00o0o0oOo0o0ooOo0oooooO A0OOQOOOOOOOOOOOOOOOOOOOO
0000000000000 00 monad OO00OO0O0ODOODOODOOODOODOOODODO
000 Monad DODOOOOO TOODOO n0 pO000O00ODOODODOOOOODOODO
ooogo

Haskell 0000 List O monad 00000 O00O0O0OList O nondeterminism (O O O
0)00000000000000Lst0000000000000O0O000O0OOO0O
ooo0oboboooooboobooboboboboooooobobog

Lst 0000000000000 DbOO0Op00000D 10 List000ooooDoO pO
List O List 00O List D O0O concat DO OO OO

O0qp0 0000000 0DOO0O0D00OLSta000D0O0O0O0ODOOODOOODOO
O00000oooooDObOO00 List0D 00000000 DD ListaOOOO fmap O
O0b00000b0o0bO0o0obO0o0b0o0obO00obD00obD00obDOo0ODOoOObOO List
al0O0OD0 a00 ListaODOODOO0O0OO0OOD0OD ListaOO0O List O0DOD0ODO0O
U000b0d List 0000000000000 00Db List0D00O0O00 concat 0O O
OOconcat 0O ODOODOUODOODOOOOOOODOODOODODOOODOO

OO0 concat 0 OODO0O0O List OO List 0000000000 TTA—-TADOO
00 p,00000D0OnO0O0 10 ListODOOODOO0 A-TADOODODOODODOOO
O000ooob0obO0 List00000 n0 p000 Monad ODOODOOODOODOO

Haskel 0000 monad 0000000000 (00O 2.2)0Haskell 00000 monad
O Monad DO0DO0OOOOODOODOOOO0OOnUO pODbODOO0OOOODODOD
O0Haskel O0DO0O00O00D0ODODOO Kleisli Category O triple 00O O00OO0OOOO
O00Omonad O Kleisli triple D0 O O0O0O0O00O0OODOOOOOO0OOOOODOOO
OO0 category U program UUUOUOOOOOOO nUO wmit JOOO0O0O g O join O
00000 >»>=0 bindODO0OO0O0ODOODOOOOOOOOODOO n0O pOO0OOODO
oooooobd nOd p000D0O0OO0OOOOOODO

OO0 Omonad O Kleisli triple 00000 Haskel 0O OODOOOO 470000000

000 4.7: Haskell O 00O monad O Kleisli triple O 0O OO

return x = eta X
x >>=f = mu (fmap f x)
eta x return x

mu x = (>>= id)

U0 ListDo0dboooboooooobooobod
000 List 0 Monad 0000000000000 (D00 4.8)0
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O00 4.8: Haskel OO OO List 0000 monad OO O

append :: List a -> List a -> List a

append Nil xs = X8

append (Cons x xs) xss = Cons x (append xs xss)
concat :: List (List a) -> List a

concat Nil = Nil

concat (Cons x xs) = append x (Main.concat xs)
eta :: a -> List a

eta x = Cons x Nil

mu :: List (List a) -> List a
mu = Main.concat

instance Monad List where
return x = eta X
1i >>= f = mu (fmap f 1i)

O0o0bo0b000 nO0OD0 List0DO000OD0 pwOList0DO00O0O ListdDOOO
gobobooon

OO0 List Monad DO O0O0O0O0O0OO0OOOOOOOOOO0OO 100, 200,400 000
Lst 0 xOOODOOOOOOO0OOOODOOOoOOO0O0ooO0ooDoOoD tobooooo
gbobogobodboglibogbbogologboobbo20bgobodbogobd
b0 Listdgoood

OO0 x0 0000000000000 0O00DbO0ObObO490000

OO0 49: Haskel OO0ODO List 0 monad OO OOOOO

*Main> let x = Cons 100 (Cons 200 (Cons 400 Nil))

*Main> let £ = \x -> Cons (x+1) (Cons (x+10) (Cons (x*x) Nil))

*Main> x >>= f

Cons 101 (Cons 110 (Cons 10000 (Cons 201 (Cons 210 (Cons 40000 (Cons 401
(Cons 410 (Cons 160000 Nil))))))))

JUdoboddooddoobooo stonouooooooooo9snoboooood
oo oooobooooboooooooooooo
Oo00ooooooooooooboooooooooonoo

O0ooddooooooo Moenad DOOODODOOOOOOOOOOOOODOOOOO
ogoood

000 Haskel 00000 Monad D0 0O0O0O0O0O0ODO 410000000000 nO
p 0000000000000

1l0000odg3s0oodooonooooooooToooooooobDooooa?
goboddo3sboonouoooboooouTooboooooooobouoooo
000000000030 0000 eta0O00O0 natural transformation 00 00 OO0
400000 muO0O0O0O natural transformation OO OO0 00O
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OO0 4.10: Haskel O O OO Monad O

mu . fmap mu
mu . fmap eta

eta . f
mu . fmap (fmap

mu .
mu .

)

mu
eta =

id

fmap f .
fmap f .

eta
mu
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050 UD0OO0OO0O0O0 Agda O0O0OO
EREEN

0 3000 functor, natural transformation, monad D 00000000 4000 functional
programming 00000000 00000O0OOO Functor OO Monad 0 O0OOO OO
0000000000 DO0O0ODOOfunctional programming 00000000000 O0OO
00000 Functor OO 0O0OO0O0O0ODOODO0O0ODO0ODOOOO0ODOOOODOOO Haskell
0000 functor 00000000 O0O0ODODOODOODOODOOOOODODOOODODOO
0000000000000 Functor UOOODOODO functor OO OODOODODODOODO
0 Haskell 00O OO Delta Monad D OO O0OOOOO Delta Monad O Monad O O O
0000000000000 00000000 AgdaOOODOO Delta 0 Functor OO
Monad OO DO OOOOOODOOOO
0500 Agda 00D O0DOD0OODOOOODODOO

5.1 Natural Deduction

0000 natural deduction(d 0 O 0 )00 O O O natural deduction O Gentzen 0 O O
O00000000000000000000 o000 00D0D0oobooooO
ggoduobboobobbbuoooooooouoboobooooo

natural deduction O 0O 0O O

(5.1)

O000O0000bO0o0obD AQOOODOO0ODOOODOODODOODOOObObOOODO
O00000DO0000000 dead O alive D 20000000000
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0520000 ADODODOO BOOODODOOODODODOOOOOD AQO aliveDb OO
O00oOoO00DO0O BO ADODOOOOODbOOODoOobooOoo
gobbboogoobbbd =00004ad

[A]

B
A= B =1
O0000000 AO dead DOO00O0OOO0OO0OOO0 A= B00000000O0UOOAO
000000000 BOOOOOooOomAOOUODOUOO BOODOOUOooUoouoooo
0000000000000 0000Q000oO0ooOooooUoO0g deedoogoo

O0000000000bO0ob0ob0obOboobodbddead DODO [AJODODO
goooogo

alive D000 deaed OOOCOO0O0OOOOOD =7Z00000000000000O00O
natural deduction O OO0 OO0 0000 OO0OOO0OO

e Hypothesis
000000000 00oo00oo00ooDo A00DoOoOoooOooooOoooogao
A

e Introductions

gbobobooogbbbuooobbboooboboboooobboboagn

A M
A

AV B V1Z
B

AV B V27T
[A]
B

A= B =1
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e Eliminations

gobbboogobbbuogoobobbuoooobobogan

00 v,A,=0000000000000000natural deduction 0O OO0 V, 4, L
gbooboboboboboobooobouooboobooo
0000000 oOOobOoobooooooon

e A conjunctiond20 000000000000 0O0AABOODODOOD ADODO B
gobobooogboo

e VdisjunctionD20 0000000000000 O0ODOOODOODODAvvBOOOO
OO0 AQDODO BOOOODOODOODODO

e = implication 10 000000000000 O0O0O0O0OOOO0ODODODODOOOA=B
000000 AOJ0OO BODOOOOOODOO

0000 Onatural deduction OO0 000000 0ODOO0ODODOOOOOOOAD BO
000 BO CcOOOO0OOOO AD CcOoOobooooboboooboooooo

(A= B)A (B =C)] @

ALE
[A] (A= B) KAimA@éCWmA%
B (B=C)
A g o~ o

(A=B)AN(B=C))= (A=) = L)
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000000000000000
OAO0OBOOOOBO COOOOOOOAD COOOODOOOOOOOOOOOOO
O0MAQOBOOODOOOODAOOOOBOOOOOOOOOOOOOO A=BOO
D000MBO CO0O0O00000BOOOOCOOOOOOOO0O000000 B=CO
0000000020000000000000 (A=B)A(B=C)000000000
0000000000AD COOOO0OO0O0O00000000000000ADO COOOO
00 A=CO00000000000000000 (A= B)A(B=C0C))= (A= C)
0ooo

0000000000000000 (A=BA(B=C)0AD02000000000
0 AIEA200000000AO0 A=BOOBOOBO B=C0O0 COO0O00O
00 =Z000 A= CO00000000 dead 000000 ADOOODOOOO
dead 00ODDO (, 00000000 10000000000000000 alive 00
00 (A= B)A(B=C)00000000 A=C000000000000000
= 700000000000000000 (A=BA(B=C)=(A=0C)0000
00000000000

5.2 Curry-Howard Isomorphism

5.1 0 0 0 natural deduction OO OOOOO0O0O0DODODODO OO O natural deduction O
000000 Curry-Howard Isomorphism OO0 O0O0O0 AOOOOOOOOOO

A00000D0DO0000D0 1000000000000 O00000O000DDOO0O0o0n
00d0oooooo AxOQODoODoOOoODoODOOOOO010000000000000000 5.3
0o0ooooooon

\z.x (5.3)

00 2 000000000 0000000O000000 natural deduction DO OO0
oo

00000 ACOO0OO0OO0OO0OO0OO0OO0O0 AOD0OOOO0OO0OO0OO0OO0OO0OO0OO0OOOOOOOOOoOoo
000 ADOO0O aliveD0OO0OO0O0O0OO0ODDOOnatural deduction D0 A OO OO dead
000000 =Z000 000000000 xOOOOOOOOOOoooaoo

x: A (5.4)

Arx:A— A
Oo0doooooodoo xogododgdoooooooooooooodxooood
go0oodoooodoooooooooooooouod0 xoodo xgoooao

0000000000000 00 natural deduction I =Z 000000 discharge O
OO00oO00ooogon
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00000 natural deduction DO D ODOOOO0O0OO ODOO AODDOODOOO
gobobog
gobbboogoobbooogboobsibugoobobobouooon

H natural deduction ooo ax0od
hypothesis A OA0OD0O0ODOO x
conjunction ANB OAQODOBOOOO OODOOO x
disjunction AV B OAOD0BOODO ODOODO x
implication A= B OA0ODODO BOODODODOODO f

O 5.1: natural deuction 0 OO0 NXOOOOOO

5 100000000DL0O0DLO0D Haskel DODODOODOOODOObB1O00DOO

000 5.1: Haskel DO ODOOODOOOOO

0O N O Utk W

*Main> :type fst
fst :: (a, b) > a
*Main> :type snd
snd :: (a, b) > b

*Main> :type \cond -> (\a -> (snd cond ((fst cond) a)))
\cond -> (\a -> (snd cond ((fst cond) a)))
(t2 > t1, t1 > t) > t2 > t

000 N00D0000000D0O00OHaskel OODOO XOO \x > x0O000000O00O0
O00O\0O ->000000000 00000000000 00DOAODDODODOOOO
Otuwple00000O0O0ODODOAD BOOOOO (A,B) 0000000000000 ALE
0000000000 fst0 A2 0000000000 sndO00000O0O0O0Ofst O
snd d AODOOOOOOOOOOOOODDODOOOOOOO

0000000000000 00000000000000(A=B)A(B=C)00O0O
000000000 cond 0000000 Ocond 0000 fst 0000000 (A= B)
O0snd 0000000 (B=C)00000000000000 aO000O0O0O(A= B)
O0(B=C)00O0O0O0O0OO0OO0 cOoOoOO

OO0 \cond => (\a -> (snd cond ((fst cond) a)))I0OOOOOOOOOOO0O
0d0d0o0oDoDooOooObOOO00000000ooDoDoOoOO0o000O0 ADt200 B
Ot100 COt000000D0000oOoa
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5.3 Agda0000ODO

5200000000000D0ODOLOOOLO0DUODUDODHaskell DOODODO
gbbogboobbuoobboobuoobbooboboboboobboobood
Agda DODOOOOOOODOODO

gbbgobogbbugobboobooobuoobobbobbodboooboaobg
gobbboooobbbooodboobooooooboooobobog

=£&0000000000 AgdkaDOOODOOODOOB20000000

000 5.2: AgdaODDOOO =€

module apply_function where

postulate A : Set
postulate f : {B : Set} -> A -> B

—>E : {B : Set} > A -> (A ->B) ->B
>Eaf=1fa

Agda 0000000 term : type UODOOOOpostulate 0000 alive 00000
O0D000000000D0D0 alived AODDODOOODOOODOSetOOODOODOODO
go0oooo0ooOo0obooooobobo00oDOoUObOOo0UobDbOO0 AgooOooooooo

D000 fO000000DODODODODO000000 {y000000 implicit O paramter
OU000D00O0 BOOOODOODODOODOOODOOODOODOODOimplicit O parameter
0000000 AgdaDOODOOOOOOODOOtOOOODODDOO A—>BOODODOOOO
0000 BODODOOODOOOOOOUODOD fO00D0O0OOO00ODOOOOOOOoDobOOO
AgdaOODOOOODOOOODDOOODOOODOOOODOOODOOOO

ADfO020000000000000000 -»E00DO0OODODOOODOOOOO ->E
O0o0ooo0bOo0bOo00 »E0000ODOODOOOOOOO0ODOODDOODbOOO
O000ooooooooo

=&00000 »>E0D0ODO0ODOOO0 000 fO0DO0O0OO0ObDObObOOon
BOOOODODOOOOOOD &iveODDOOOODDOOOODOOODODOOOODDOO
O0D0000b00b0o0ooO0ooobboOgDDimplicit 0 parameter 0000000
Ooopoooooo

O00Agda DODOODOODOODOODOO AgdkaDODOODOODOOOODOODOODOODOO
oobooboobooos30boonboobobon

0000000 _0000O00000O000ooo0ooopooooooDooo _x_ 0O
O00000O0O0DOO000O00oO0oo0bObOO0D x_O0 A0 BOODODODOO
0000 _x_ 00000000 <.,>00000000D00000D000 ADBODO
0000 AxBOODOOO

O0OO0OADOBOO OODO AxBODOOOOOODOO constructProduct 00 OO0
O00ADBOOOOOODODOOOODO <_,»>0000 AxBOOODOOOOOOO

31




[y

O © 00O Utk W NN

000 53: Agda0 O OOODODOOO

module product where

data _x_ (A B : Set) : Set where
<_,>:A —>B— A XB

constructProduct : {A B : Set} — A —-— B — A X B
constructProduct a b=<a , b >

patternMatchProduct : {A B : Set} - A X B — B
patternMatchProduct (< a , b >) =D

O0000O000O00obO0o0ooOOoooOOoOooOOo0oOobOOoUobOOobooOOobobOOobOboDbOog
O patternMatchProduct 0000000000000 AxBOOOODODOODODOOODO
O0oo0oOd <, »>0b00b0o0bobooobgobobg <a, bp>d0bogoooog
0000000000000 00DO0000oDo0ooooooooooooooOoon
OD00DAxBO0O0 BOODODODODODAxBODODODOODDODOODODODODODOODO
O00000000a0 bOODOOODOOO AD BOODODObOOODOOOD BOO
00000000000 0000 patternMathProduct O A28 OOOOOOO0O

5.4 Reasoning

53000 Agda 000D UOODOOODOOODOODODOODOS4000 AgdaOODOOODO
gobbbooobobbboooobobbooodon
gobbbooooobobooooboboooobbboooobbboooon

e 0D DOOODO

gboboboooobboooobn

ogbbooogbobobuooooboon

O0000000000000000 (n#m — Sn# Sm)

0000000000000 0000000000D0D0O Sm)O0O0ODODOOO

OO0000 peano arithmetic U0 OO O00O00O0OO0OO0O0O
Agda OODO0OO Nat OOODOODOODOO 540000000
Ubo0 NatDO2000000000000O0

e O
googoogopooogbooubogobogubn
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000 54: Agda ODOOODODOODO NatOOO

module nat where

data Nat : Set where
0 : Nat
S : Nat -> Nat

CUk W N =

e S
Nat OQOQOQOQOQDOOOOOOOoOOoOooOoOoOoooooooo

oooooobD 30 s (s (so)booooooooosoooboboobooog
000000000 (000 550

000 55 Agda 00000000 ODOODODODODO

open import nat
module nat_add where

+_ : Nat -> Nat -> Nat

0 +m m
(Sn) +m=S8 (n+m

D U W N

0000000 +_ 00000000200 NatOOOONatOODDOOO _+_0O0O
0000000000 0b0o0oD0oo0DO00 mODODOODDOD mODOOnDOOODO
0000 mO0000O00 n D0 mOOOODODOOODOODOOSODOOODOOOO
0100000000D00000D00D00DO0ODOO

000 3+10000000 (S(S(S0O)))+(SO)0opo0oooooooog 3+
10400000000000000

OD000000 agda O standard library O O O O Relation.Binary.Core O 0O O O O
0ooo

00 5.6: Relation.Binary.Core 00O 000000 =

O
a} {A : Set a} (x : A) : A - Set a where
2 refl : = X

1 ‘data = {
X

Agda 000000000 OODOOODOOO =000000000=0000000
D00000DO0D0O00O00ODO0D00 relDODOOODOO

000 3+1=40000 reflO0000O0O (0DOO 5.7)0

3+1 000 1000000000000000000000 (S (S (smM)) + (5O
= (S Go)))oobbooboobooboboobooboobooboooob _+_
OOoooOooog (s (s (s0))) UDObbOUObbOUObObDUOODOoOD refliOnOO
oood

=0000000000000000000O0D00D000000000DOOooDOan
O Relation.Binary.PropositionalEquality OO0 0O O 00O O
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N = O ©

000 5.7: Agda 0000 34+10000 4000000

open import Relation.Binary.PropositionalEquality
open import nat
open import nat_add

module three_plus_one where

3+1 : (S (8B D) + (S0 = (8GN
3+1 = refl

eSym:r=y >Y==c

gobbboooobboooobobobboooooboboood

econg: f—or=y— fx=fy
dooooboooooooooooooooooon

etrans: r =y > yY=z2—>r ==z

20000000000 b0obo0o2b00b0bb0obOo0obOoOon

O00000nat 0000000000000 0O0O (0DOO 5.8)0

000 5.8 Agda 0D ODOOODOODOODOODOO

open import Relation.Binary.PropositionalEquality
open import nat
open import nat_add

open = -Reasoning
module nat_add_sym where

addSym : (n m : Nat
addSym 0O 0
addSym 0 (S m)
addSym (S n) O
addSym (S n) (S m)

>n+m= m+n
refl

cong S (addSym 0 m)
cong S (addSym n 0)
{3

o~

gooobod n+m=m+nU0000n0 mUO Nat ODOOODOOODOOODOODO

o000 o0 SoOobobooobboOooboooooooboobo4p0b0O0O0D

en=0 m=0
+ 0000000 oOOoooobodd refi0DOOOOOO

en=0m=5Sm

O+ (Sm)=(Sm)+00000000000000000 +000000 O+
(Sm)=S(m+0)0000000S(m+0)0 m+00 SO0000000000

U0 congUUOODODOOO addSym U000 0O0oooooog
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gb20000bo0bboobdgdbtdnbobbdbibdmbobboonod
gbbodgdbbtbnb o0U0Ob0D0DmO o000 mOOooobboobo
Om0O (Sx) 0000000 xO0mO00000O0O0O0OCODOOOOOOODOO
gbogoboobobbdb +0bodbodabod

U000 addSym UOD0ODD mUO 10000000000000000 n=0,m
=0000 ref 0000000 OOOOODOODOO

en=Snm=0

(Sn)+0=0+(Sn) 00000000000 +000000 S(n+0)=(Sn)
000000000000000 Sr+0)=SO+n) 0000000 addSym O
0000 n0000000 congd SO00O0D0D0O000O0O0OOO

Oooob O+n=n0 +00000000000O0O0Rn+0=n000000O0
oobooobooboobo0bO+ 00000000 DO0O SOUbOOoObDoooDOo
gbobbooodgbbbuooogbbbod

en=Snm=95Sm

sobuodoooobbbbtoooooobbbooooobbobbuoooan
goboo

300000000000 rrefi0 congO OO0 OOD0OODODOOODOODODOODOOO
00000000000 refl 0 congOOO0O0ODO trans 00000000 OO0OOO0O
0000000000000 0000D000 =-Reasoning 00000

=-Reasoning 00000000 begin 0000000000000 = (expression) O
0000000000 obooboooobobooo0 mMO0DbOO00oOooboboOoOon
gooooogo

000D 000o0nbn =-Reasoning 000D O0O0OO0OOOOOOS900000
On0OmO100000000000O0000O

OO0 (Sn) + Sm0O+000000O0 S+ (Smwm) ODO0DDOOOODO refl O
0000D00ObOO0000000ooooooObObOo00g0 rel0D0ODO000OOO0OO
ogoooo

00 S (mn+ (Sm)) 0000 addSym OODO0OD00OO congOOOO SOOODO
oododo s ((sm +n) OD00O000O0O0ODODO3000O0O0O0O0O 4+D000000 1
gooooooudooooondooooobooooonoooooooooon
oo oooooooooooooogoooooooooooon
googooo

o000 s ((Sm) +n) 00 (Sm) + (SnI000O0O0ODODODOOODODOO +00
0000oo0OoOo000 SOoooooboooooooobooooooooooooon
O00000Doooooooog Sim+n)=m+(Sn) 0 addToRight 00000000
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000 5.9: =-Reasoning OO0 O0O0OO0O

open import Relation.Binary.PropositionalEquality
open import nat

open import nat_add

open =-Reasoning

module nat_add_sym_reasoning where

0 N O U W N

addToRight : (n m : Nat) - S (n +m) =n + (S m)
addToRight 0 m = refl
addToRight (S n) m = cong S (addToRight n m)

— =
= O ©

=

o]

ct

~—

—n+m=m+n

refl

cong S (addSym 0 m)

cong S (addSym n 0)
begin

refl )

cong S (addSym n (S m)) )
addToRight (S m) n )

refl )

—_
)

addSym : (n m :
addSym O 0
addSym 0 (S m)
addSym (S n) O
addSym (S n) (S m
| 8 n) + (8 m
18] S (n+3Sm

19 8 ((Sm) + n)
20/ S (m + S n)

21 | (Sm) + (S n)

—= = =
ok W

—_
o

—
-

T et
B

addToRight 00000000000 OaddToRight 0000000 S ((Sm) +n) OO
(Sm) + (Sn00000D000000 (Sm)+(Sn)=(Sn)+(Sm)000000000
Jooddbod +0ddob0o0ooudobooboooooooboooo 40000
0000000000000 000DO00D000DO0D0O0DO00D00b000AgdaOOO
gdoddododouououououoououououoououououo
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HREEN

05000 Agda ODDODOODODOOODODOOODO G000 Agda DD OO Delta
Monad 0 Monad OO0 O O0OO0OO0O0OO0ODOOOO0OODOOOOOO Delta Monad O Funcor
OO0 Monad 0000000000000 O0OOO0O0OOOOO DeltaDOOOOOOO
000000000 ooooooooog

6.1 Agda O0O0OO Delta Monad 0 O [

6.1000 AgdaOODO0O Delta Monad D0 OO00OO0OAgda 0 Haskel DO O OO0
O00000000oooooooOoOogoOo (oo end

000 6.1: AgdaOO OO Delta Monad OO0 OO0

1 idata Delta {1 : Level} (A : Set 1) : (Nat — (Set 1)) where i
2| mono : A — Delta A (S 0) \
3 | |

delta : {n : Nat} — A — Delta A (S n) — Delta A (S (S n))

datal Delta OO0 ADDOO Nat ODOOO

level DO OO level DO O0OO0O0ODO00O0OO0ODOOAgda 000000 ODOOOOO
0000000000000 00000000000000O0000000000A0d1evel
O0O000O000O00000levelOOOO level OO0 suceOO0O00O0O0OO0O0OOOO
sucd level OO OO0OOOO0OCOOOOOOlevell OOOOOOOOOOOO SetlO0O
O0000000000000000000 SetlO levelOODODOODODODO Set (sucl)
O level OO OO

Nat OO0 OO0O0O000O0O0OO0O0O0OOOOOO0O0OO0O0O0O0000O00 54000
o000 540000000000

data 0 Delta0 200000000000000O0000OO

® 11N0Nno

OoooooOoooooooOoOoooobooOoooDobi10bboooobo Aoooooo
U000 10 Detad 00O OD0DOODOOOOOODOO
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e delta

gbobbuoodgbbbuoooboobbooobobbuooobbboogbobod
gbobooobobooobobuoobol1bobooobuobboOon Deltad o

gobboooobbbooo1obbodao

AgdaO0O0O0ODOOCOO DeltaDO0OO0DODOODODOOOODOOOODODO FunctorO

O Monad DO OOODODOOO

6.2 Agda 0000 Functor [

AgdaOO0O0O Functor OOO0ODO 62000000000

000 6.2: AgdaO DO OO FunctorO O OO

record Functor {1 : Level} (F : Set 1 — Set 1) : Set (suc 1) where
field

fmap : {A B : Set 1} - (A —+ B) — (F A) — (F B)

field —- laws

preserve-id : {A : Set 1} (x : F A) - fmap id x = id x

covariant : {ABC : Set 1} (f : A—-B) - (g: B —-C) — (x : F A

— fmap (g o £f) x = ((fmap g) o (fmap £)) x
field -- proof assistant
fmap-equiv : {A B : Set 1} {f g : A — B} —
(x : A) > fx=gx) - (fx : F A) — fmap f fx = fmap g fx

Agda 0000000000000 record0000000O0DOOOrecord OO0 record
000000000 field0000D00O0O0O0ODOOOOODODOODOODOOODOO AODOO
O0000 field0000O0ADQOODOODOODOODO field00000Ofeld000O0OO
Orecord 000D 0O0O0ODAODOODOODODODDO AgdaDODOODOODODO

gooo

record Functor O implicit OO level 0O O0OOOOOOO F OOO O record Functor
000 FO Set 1000 Set 1000000DOO0OSet 1l O0OD0OODODOODODOODOO
00000000 FOOOOOOOlvelODODOOOOOOOOODODOOOO levell O
00000000 levellO Set 0O0OOOO0OOOODOOOOODO FOOOOODOOOO
record Functor 0 0 00000000000 O0OOOOOOOODOOOOO0O suc OO0
level D ODODDO0D0O0O0O0ODOODOO0O0O0O0ODOODODOOOO0OODODODOOOOOOOO

ooooon
record Functor O field OO O00O0OOO0O0OOOOOOO

e fmap

Functor 00 0O 00O O O category U0 category U0 map DO DO OOOODOOOO
D000 Haskell DO DO O0OD0O0map 000000000000 O0OOOOODOO
O000Cmap OO0OO0OO0AODO mapOOOO0OO0DO BO implicit OO0 OO
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e preserve-id

Functor U0 id 00000000 FAOOOOxOODODO fmapidD idODOOO
goboobooodgn

e covariant

Functor OO 0O 0OOD0OO0O0D0O0OODOODOOODODOOfOgOOODOODOD fmap OO
O mapping U0 OO0 {0 gO0OO00O mapping 000000000 0OOOOO0O
goboboogn

e fmap-equiv

O00AODOxOODOODOODOODOODfO0 gOhODOODOO0O OFAOD &xDOO
OO0 fmap f 0000 fmap g0 00000000 ODOOODOODOOOODOO
Functor OO0 0000000 Agda 0000 Monad DOOOODOOOOOODDOO
gooo

6.3 Delta [0 Functor 0 OO 0O 00O O

62000 Agda OO0O0O Functor OO0 O0OD0O0OD0OODOODOG6.3000 6.100 Delta
Monad OO OOOOO Functor OO OO OOOOO
O00Agda00O00 delta O00ODQ fmap 00O D000 (DOO 6.3)0

000 6.3: AgdaOOODO Delta 0000 fmap OO0

delta-fmap : {1 : Level} {A B : Set 1} {n : Nat} ->

(A -> B) -> (Delta A (S n)) -> (Delta B (S n))
delta-fmap f (mono x) mono (f x)
delta-fmap f (delta x d) = delta (f x) (delta-fmap f d)

O0D000D0 1000 Deta DOD0DO fmap OODOOODOOO OO0 AOD BOOO
O00O0 Delta AOO Delta BODODOUOO mapping 00000000 OO200000
O00000Db000oonb f0Odeta 00000 0O0O0OOOO0O0O fmap 0000

U000 DeltaO0O0 fmap OO ODOOODOOO0ODOOO Functor DOODOOODOOO
Uboouoobd DetaDO0DOoobobobobobOo1oboobobobog
0000000 DeltaOO0OOOO0OODO SOODODOD10D0000O0O0ODOODOODO
gobbobooooobod

e fmap 0 idO0ODO OO
000640000000

O0000b00oboobob0oboogbodf mono D000 map0 OO d
OD0O000D0O0O0D00 ref ODODO0O0ODOOdelta ODOOOdelta O OODO0O
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000 64: Delta 00O fmap 0 idO0O0D0OOO0ODO

delta-preserve-id : {1 : Level} {A : Set 1} {n : Nat} —

(d : Delta A (S n)) — (delta-fmap id) d = id d
delta-preserve-id (mono x) refl
delta-preserve-id (delta x d) = cong (delta x) (delta-preserve-id d)

mono UOODOODODOOODODOODODODODOODODOOD fmap OODOOODO
delta-fmap d idU D 0OUOO0OOOOOOOOOOOO0DLOOOOOOOOOODOOO
gobbl1boooobobuogoobboboooobbboooo11gnoboood
O000bD0oo0ooooboobob0o0 1000 monoOOODOODOODO delta-
preserve-id 000000000000 congOODOOO 1000000O0O0OO
gobobooogn

e fmap DO DOODOODOOODOO
gobestduonbnonon

O00 6.5: Delta D000 fmap OO OO OOOOOODOODO

delta-covariant : {1 : Level} {n : Nat} {A B C : Set 1} —
(f :B—-C — (g: A —B) — (d : Delta A (S n)) —
(delta-fmap (f o g)) d = ((delta-fmap f) o (delta-fmap g)) d
delta-covariant f g (mono x) refl
delta-covariant f g (delta x d) = cong (delta (f (g x)))
(delta-covariant f g d)

dOdboooobooobooogoboooooboobooobooooooooooo
lbggboogbogobugbliogbboobuoobbobobooboooobga
oo

Delta 0 fmap 0 200000000 Functor record 00000 (00O 6.6)0

OO0 6.6: Delta 0 Functor OO0 OO0 OOQOOOO

delta-is-functor : {1 : Level} {n : Nat} —
Functor {1} (\A — Delta A (S n))
delta-is-functor = record { fmap = delta-fmap
; preserve-id = delta-preserve-id
; covariant = \f g — delta-covariant g f
; fmap-equiv = delta-fmap-equiv }

record 0000000000 ODeltad Functor 0OO0O0O0OAgda OO0 ODODOODO
ooooooooboboooog
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6.4 Agda 0000 Monad [

6200 63000 Deltal Functor O OO0DOOO0OOO0ODOOODODOO64000000
000 Monad OO OODOO0ODOO6GSO0O000O00O00DOO
000 MonadODOOOOOOO (ODDDO 6.7)0

000 6.7 AgdaDOOO Monad OO OO

record Monad {1 : Level} (T : Set 1 — Set 1) (F : Functor T)
: Set (suc 1) where

field -- category
mu : {A : Set 1} - T (TA) — TA
eta : {A : Set 1} - A > TA

field -- natural transformations
eta-is—nt : {A B : Set 1} — (f : A — B) — (x : A) —
(eta o f) x = fmap F f (eta x)
mu-is-nt : {A B : Set 1} - (f : A - B) - (x : T (T A) —
mu (fmap F (fmap F f) x) = fmap F f (mu x)

field -- category laws
association-law : {A : Set 1} — (x : (T (T (T A)))) —
(mu o (fmap F mu)) x = (mu o mu) x
left-unity-law : {A : Set 1} — (x : T A) —
(mu o (fmap F eta)) x = id x
right-unity-law : {A : Set 1} — (x : T A) —
id x = (mu o eta) x

Monad 00O triple(T,n,p) 00 0000000000000 0O0OCOOO0OODOO
O7T,n,p0d000000T0O SetlOD0OO Setl O0000O000Functor0O000O0O0On
O TOODODODDODOOOOO 0 TODOODODODOODDOOOD MonadODOODOODOO
000 fieldODOO

O00n 0O p O natural transformation OO0 0000000000 fieldOOOOOO
n O p O natural transformation 000000000 field OO0 OODOOO0OOOOOO
20000000000 b00bOoOon

O000 fmap F O0O0OOODOOOOODOOOOFO Functor TOO OO Ofmap O 2
O000000D0D00OMmap 0000O000O0OO field-name record-value OO0
0000000000 6600000 Functor DeltadOOOOO delta-is-functor OO
OO0 fmap delta-is-functor 00O O0ODO delta-fmap D0 000000 OOfmap F £
00000 Functor OO OO0OODO FO fmap OO0 fO0O0OOO0ODOOODO
000 triple(Tyn,p) D000 Monad 0000000000000 O0Monad000O0O
g0ooo0oboobo TOobOooobUoooboTOUOODOOoObOOOoOobUoooDbO
O00000TOODODODDOODOO association-law OO0 O00O0O00OOOO unity-
law OO0 O0O00O0O0OOwity-law O TOOODODOOODODOOOODOODOOOOODOOO
right-unity-law O left-unity-law O O 0O 0O 0O O

000000 field 0000000000 OOOOOOO triple(T,n, 1) O Monad O
oooooon
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6.5 Delta 1 Monad 00O DOOOO

6400000 AgdaODOO0O Monad OO ODOOODOOODO65000 DeltaOO0O0O
nUO p 0000 DeltaO0O0OO triple d Monad OO O OODODOOOODOOOOOOOO
000 DetaODOODOODOOOODOOOOODOODODOODOODODOOODDOODLOODODOD
O0oo0ooobOoboooDoooboboooobooobobooooo1boooog
gboobooboboboobooobooobo

000000230000 DeltaMonad 000000 AgdaOOODOODO (OO0 6.8)0
Haskel 00000 Kleisli Trple D0 D OO0D0OO0DO0O0O0O0O0ODO 470000 Kleisli Triple
O Monad DO0ODOO0ODOODODOODOOOOOODOOOO

000 6.8: AgdaO OO0 DeltaOOOO Monad OO0

headDelta : {1 : Level} {A : Set 1} {n : Nat} — Delta A (S n) — A
headDelta (mono x) X
headDelta (delta x _) X

tailDelta : {1 : Level} {A : Set 1} {n : Nat} —
Delta A (S (S n)) — Delta A (S n)
tailDelta (delta _ d) = 4d

delta-eta : {1 : Level} {A : Set 1} {n : Nat} — A — Delta A (S n)
delta-eta {n = 0} X = mono X
delta-eta {n = (S n)} x = delta x (delta-eta {n = n} x)

delta-mu : {1 : Level} {A : Set 1} {n : Nat} —
(Delta (Delta A (S n)) (S n)) — Delta A (S n)
delta-mu (mono x) X
delta-mu (delta x d) = delta (headDelta x) (delta-mu (delta-fmap
tailDelta d))

n 00000 deltaeta DO OO0O00O0OO0O TO1000O0O0O0O00O0O0O0DODODO
O0O00D00O0O0O0D0O0D Delta DOODOOODODOODODOOD NatODOOODO
gobobobooobooboooboboooboobbooboooboooobobooboobooo Aroo
implicit 000 UO00O0D0ODO0ODOODO0O0O0O0O000 {n=sxx00000 implicit O
On0d SO00O0OODOOODOODOOOOODOODOOSODOODODODObO xODbOOO
oo

O0 p 00000 deltamu OO0 O000Odeltamu OO0 00 TT -> TOODOODOOO
O000000010000000 DeltaDOODODOODeltab D00 OD0OODOOODODOO
godgdgoooobobobbbbbtidodddoiooooooooooooooon
gbogoobogbogsbbooboobboobbogsbbuoonobooooog
ggsgdgobbbobbudg pbbbtbddpbbbbooooobbbbuoooad
gboboboooobbooogon

O0bO0b0bo0ob0ooob0obo0obooboobo0obb0obOodn headDelta OO OO
000000000000 00 tailDeta DO OOOODOODO
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Delta Monad 00000 triple(T,n,n) OO00O0O0O000000 Monad DOOOOO
gooooooog

1. n O natural transformation 0 O 0O O O

000 n O natural transformation 00000000 (D00 6.9 0eta 0 T O 1
oo bobobobtbddddddoouoouob oo ngoo
o0boobooboobooboooobobobb nbbOb0ODbODDbDOODbOODbDOO
00000 el DO00OD0D0OO0OOO0OOnDO O0OOOODOOODODOODDOO
guoooon

000 6.9: Agda 00O OO Delta 0 n O natural transformation 0 0 0 0O O

delta-eta-is-nt : {1 : Level} {A B : Set 1} — {n : Nat}

(f : A= B) — (x : A) —

(delta-eta {n = n} o f) x = delta-fmap f (delta-eta x)
delta-eta-is-nt {n = 0} £ x = refl
delta-eta-is-nt {n = S n} f x = begin

| (delta-eta o f) x =( refl ) |
delta-eta (f x) =( refl )

delta (f x) (delta-eta (f x))
| =( cong (\de — delta (f x) de) (delta-eta-is-nt f x) ) \
delta (f x) (delta-fmap f (delta-eta x)) =( refl ) \
delta-fmap f (delta x (delta-eta x)) =( refl )

delta-fmap f (delta-eta x) |

© 00 N O U W N

—
N = O

2. p O natural transformation 0 0 0O 0O O
00 w O natural transformation 00000000 (0DOO 6.10)0

pOO00o00bobobuogbogboogboobobbooboob1ooaf
OO0 refl000000O0O01I000O0C0O0O0OCOO0ODOOODOOOODOODOOO
U000 TTrODODOOODOOO TTOOOOODOOODOODOOOOODOODOOO
gboooboboobob Tooboboboooboboboobobobod
gbgubobobuooboboboouoboboboobobobogbobg
gbbooobbodbbboobbbuoobbuddl tailDelta-to-tail-nt
00 d : Delta (Delta A (S (Sm))) (Sn) UOOOOOOOODO NatOOO
gboboboooobbodd
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000 6.10: Agda 0000 Delta O p O natural transformation 0 0O 0O O O

0O U WwN -

©

10 |

tailDelta—to—tail—nt : {1 : Level} {AB: Set 1} (nm : Nat)

delta—fmap tailDelta (delta—fmap (delta—fmap f

(f: A — B) (d:Delta (Delta A (S (Sm))) (Sn)) —
d) = delta—fmap (delta—fmap f) (delta—fmap tailDelta d)

tailDelta—to—tail—nt 0 0 f (mono (delta x d)) = refl
tailDelta—to—tail—nt 0 (Sm) £ Emono (delta x d)) = refl

tailDelta—to—tail—nt (Sn) 0 f

delta (delta x (mono xx)) d) = begin

delta (mono (f xx)) (delta—fmap tailDelta (delta—fmap (delta—fmap f) d))
=( cong (\de — delta (mono (f xx)) de) (tailDelta—to—tail—ntn 0 f d) )

delta (mono (f xx)) (delta—fmap (delta—fmap f) (delta—fmap tailDelta d))
]

11 | tailDelta—to—tail—nt (Sn) (Sm) f (delta (delta x (delta xx d)) ds) = begin

delta (delta (f xx) (delta—fmap f d)) (delta—fmap tailDelta (delta—fmap (delta—fmap f) ds))
=( cong (\de — delta (delta (f xx) (delta—fmap f d)) de) (tailDelta—to—tail—nt n (Sm) f ds) )
14 | delta (delta (f xx) (delta—fmap f d)) (delta—fmap (delta—fmap f) (delta—fmap tailDelta ds))

12 |
13 |

15
16

18 |

19 |delta—mu—is—nt {n =0
20 | delta—mu—is—nt

21 |
22 |
23 |
24 |
25 |

17 | delta—mu—is—nt : {1 : Level} {AB: Set 1} {n: Nat; — (£ : A — B) — (d : Delta (Delta A (Sn)) (Sn))

— delta—mu (delta—fmap (delta—fmap f) d) = delta—fmap f (delta—mu d)
f (mono d) = refl

n =Sn} f (delta (delta x d) ds) = begin

delta (f x) (delta—mu (delta—fmap tailDelta (delta—fmap (delta—fmap f) ds)))

=( cong (\de — delta (f x) (delta—mu de)) (tailDelta—to—tail—nt nn f ds
delta (f x) (delta—mu
=( cong (\de — delta (f x) de) (delta—mu—is—nt f (delta—fmap tailDelta ds

)

)
delta—fmap (delta—fmap f) (delta—fmap tailDelta ds)))
)

))

delta (f x) (delta—fmap f (delta—mu (delta—fmap tailDelta ds)))
26 | u
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000 6.11: Agda OO0O0O Delta OODOODOOO0OO000O0O00O0OO0OOOO0O

delta—right—unity—law : {1 : Level} {A: Set 1} {n: Nat} —
(d : Delta A (Sn)) — (delta—mu o delta—eta) d = id d
elta—right—unity—1law émono x) = refl
elta—right—unity—law (delta x d) = begin
(delta—mu o delta—eta) (delta x d)
=(refl)
delta—mu (delta—eta (delta x d))
=( refl
de<1ta—m1>1 (delta (delta x d) (delta—eta (delta x d)))
=( refl
de(lta (hiadDelta (delta x d)) (delta—mu (delta—fmap tailDelta (delta—eta (delta x d))))
=( refl
delta x (delta—mu (delta—fmap tailDelta (delta—eta (delta x d))))
=( cong (\de — delta x (delta—mu de)) (sym (delta—eta—is—nt tailDelta (delta x d))) )
de<lta X (>deltafmu (delta—eta (tailDelta (delta x d))))
=( refl
delta x (delta—mu (delta—eta d))
E(lcong (\de — delta x de) (delta—right—unity—law d) )
deltaxd
=(refl)
id (deltaxd) W

Qo

000000 1000000000000 0 rei0000D0O0OOO0ODO 10000
0000000000000 D000DO0DO0O0 n O natural transformation O 0O O
O0o0oboobon

gboboboooobbbuodgge120000

gbobobooooboboooobbolgoobboooobbboogbood
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\
[
[
[
[
10 |
[
[
[
[

idelta—left—unity—law :{1:Level} {A:Set 1} {n: Nat} — (d: Delta A (Sn)) —

(delta—mu o (delta—fmap delta—eta)) d =idd

| delta—left—unity—law (mono x) = refl
| delta—left—unity—law {n = (S n)} (delta x d) = begin
(delta—mu o delta—fmap delta—eta) (delta x d) =(refl)
=(refl)

delta—mu ( delta—fmap delta—eta (delta x d))
delta—mu (delta (delta—eta x) (delta—fmap delta—eta d)) =( refl)

de(lta (hiadDelta {n = S n} (delta—eta x)) (delta—mu (delta—fmap tailDelta (delta—fmap delta—eta d)))
=( refl

delta x (delta—mu (delta—fmap tailDelta (delta—fmap delta—eta d)))

=( cong (\de — delta x (delta—mu de)) (sym (delta—covariant tailDelta delta—eta d)) )

delta x (delta—mu (delta—fmap (tailDelta o delta—eta {n = Sn}) d)) =(refl)

delta x (delta—mu

delta x d =( refl )

id (deltaxd) W

)
delta—fmap (delta—eta {n = n}) d)) =( cong (\de — delta x de) (delta—left—unity—law d) )
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delta—fmap—mu—to—tail : {1 : Level% {A:Set 1} (nm: Nat) —

(d : Delta (Delta (Delta A (S (Sm))) (S (Sm))) (Sn)) —
delta—fmap tailDelta (delta—fmap delta—mu d)

(delta—fmap delta—mu (delta—fmap (delta—fmap tailDelta) (delta—fmap tailDelta d)))

delta—fmap—mu—to—tail 0 0 (mono (delta d ds)) = refl
delta—fmap—mu—to—tail O (S n) (mono (delta (delta x (delta xx d)) (delta (delta dx (delta dxx dd)) ds))) = refl
delta—fmap—mu—to—tail (Sn) 0

delta (delta (delta x (mono xx)) (mono (delta dx (mono dxx)))) ds) = begin
delta (mono dxx) (delta—fmap tailDelta (delta—fmap delta—mu ds))
=( cong (\de — delta (mono dxx) de) (delta—fmap—mu—to—tail n 0 ds) )
delta (mono dxx

(delta—fmap delta—mu
. (delta—fmap (delta—fmap tailDelta) (delta—fmap tailDelta ds)))

elta—fmap—mu—to—tail (S n) (Sm) (delta (delta (delta x (delta xx d))

(delta (delta dx (delta dxx dd)) ds)) dds) = begin

delta (delta dxx (delta—mu (delta—fmap tailDelta (delta—fmap tailDelta ds))))

(delta—fmap tailDelta (delta—fmap delta—mu dds)
=( cong (\de — delta (delta dxx (delta—mu (delta—fmap tailDelta (delta—fmap tailDelta ds)))) de)

(delta—fmap—mu—to—tail n (S m) dds) )

delta (delta dxx (delta—mu (delta—fmap tailDelta (delta—fmap tailDelta ds))))
.(delta fmap delta—mu (delta—fmap (delta—fmap tailDelta) (delta—fmap tailDelta dds)))

delta—association—1law : {1 : Level} {A : Set 1;» {n: Nat} (d : Delta (Delta (Delta A (Sn)) (Sn)) (Sn)) —

((delta—mu o (delta—fmap delta—mu)) d) = ((delta—mu o delta—mu) d)

delta—association—law {n = 0} (mono d) = refl
delta—association—law

n = S n} (delta (delta (delta x d) dd) ds) = begin
delta x (delta—mu (delta—fmap tailDelta (delta—fmap delta—mu ds)))
=( cong (\de — delta x (delta—mu de)) (delta—fmap—mu—to—tail nnds) )
delta x (delta—mu (delta—fmap delta—mu (delta—fmap (delta—fmap tailDelta) (delta—fmap tailDelta ds))))
=( cong (\de — delta x de)
(delta—association—law (delta—fmap (delta—fmap tailDelta) (delta—fmap tailDelta ds))) )
delta x (delta—mu (delta—mu (delta—fmap (delta—fmap tailDelta) (delta—fmap tailDelta ds))))
=( cong (\de — delta x (delta—mu de)) (delta—mu—is—nt tailDelta (delta—fmap tailDelta ds) ) )
c;elta x (delta—mu (delta—fmap tailDelta (delta—mu (delta—fmap tailDelta ds))))

p 0000 TTTOO TOODODOODOO 200 TOOODOOD pObOooooO
O200000000000D00D0OD0ODOO0O Delta (Delta (Delta A)) OO

Delta AUUOODODODOOOODODO

gobbodglgoobobuogooboboooobbbooooboboobog g
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O00000 Delta200000000000OOOOOO 200 DetaOOODOO
gbobodbudd p00bbooodbdbd delta-fmap-mu-to-tail U0 O U
0000000000000 bO0b0Ob0ODOOdelta-fmap-mu-to-tail 0O Delta
0000000 Delta (Delta (Delta A (8 (S m))) (S (Sm))) (Sn) OO0
gbooboobbooboobooon

delta-fmap-mu-to-tail 0 OO O p O natural transformation 00000000
ooooooooboboooooooogoo

Delta Monad OO0 OO0O500000000 Moand O record ODODDOOOOOOO
000 (D00 6.14)0

000 6.14: Agda OO OO Delta 0 Monad DO OOODOO

delta-is-monad : {1 : Level} {n : Nat} —
Monad {1} (AA — Delta A (S n)) delta-is-functor
delta-is-monad = record

{ eta delta-eta;
mu delta-mu;
eta-is—nt delta-eta-is—nt;
mu-is-nt delta—-mu-is—-nt;

association-law
left-unity-law
right-unity-law

delta—-association-law;
delta-left-unity-law ;
\x — (sym (delta-right-unity-law x)) }

000 Delta 00000000 OCOOOO triple(T,n,n) O MonadODO OO OOOO
gobo
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070 OO0 Monad [0 Delta [0
[

ODoe0000O00O0O0OO0O0OO0ODOOO0OOO DeltaMonad O Monad OOOODOOOOOO
O70000Delta Monad OOO0O Monad OOOOOOOOOOOODODOO Monad O
OO0O0OO0OOO0OO0OO0O0OO0O0ooooDoDoOoOO bDetaMOODODOODODDDDDOO

7.1 Monad OO0 UODOOO Delta OO0 DeltaM

functional programming D000 monad OO0 O00O0OOODOOOOOOOOOOO
OD00D00000000 Haskel DOODOOODODOODOOODOOOOODODO monad
O000000000000000000ODO0000D00D0 Delta Monad 0 O 00O monad
000000000000 DO0D00000ODOdDelta Monad 00 0O O O Delta Monad O
D00 monad D00 O00OO0O0OOO0O0DOO DeltaM O Haskell OO OO O

0000 DeltaM 00 DeltaM 0000 Monad O instance 00000 (D00 7.1)0

0000 DeltaM 0 2000000000000 a0000000D0OD0 m0OODOO
mUO Monad OOODO all Monad OO ODOODO0O0OOOmaUO00OO00OOO Delta OO
DeltaM ODODOO0ODOODOODO DeltaMOODOODOOODODOODODOODOOODOODOO
O0oo0oooDOoooooooooon

00000000000 000O0OunDeltaM O DeltaM OO Delta OO0ODOOOO
O OheadDeltaM O DeltaM 00 000000000000 DOODOODOOOO Delta OO
0000000000000 D000D0000O¢taillDeltaM O DeltaM OO D0OOODDOO
000000000 DO00D00D000 Delta DODOO0ODDOOOODDODODOODOODODOO
oo0ooogo

DeltaM O instance DO OO >»>=0000 mu OO0 O0O0O0O0OOOO 200000
OO00oOooooo

e (Functor m) => ...

mu 0 Monad O instance 00 0000000000000 O0OO0OOOOOOOOO
OO0 m0O Functor O instance O O0O0OODO0OO0O0O0OO0O0O0 muOOO0OdOOO
0 (Functor m, Monad m) => ... OO m 0O Functor 0 Monad O instance O
D000 muOd00000000O0O00O0O0O0O0DOO00 m al Functor OO0
00000000 ma0O0000O0 fmap 0000000000
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OO0 7.1;: DeltaM OO OO Monad O instance O O

data DeltaM m a = DeltaM (Delta (m a)) deriving (Show)
—-— DeltaM utils

unDeltaM :: DeltaM m a -> Delta (m a)
unDeltaM (DeltaM d) = d

headDeltaM :: DeltaM m a -> m a
headDeltaM (DeltaM d) = headDelta d

tailDeltaM :: DeltaM m a -> DeltaM m a
tailDeltaM (DeltaM d) = DeltaM $ tailDelta d

—-— DeltaM instance definitions

mu :: (Functor m, Monad m) => DeltaM m (DeltaM m a) —> DeltaM m a
mu d@(DeltaM (Mono _)) =
DeltaM (Mono ((>>= id) (fmap headDeltaM (headDeltaM d))))
mu d@(DeltaM (Delta _ _)) =
DeltaM (Delta ((>>= id) (fmap headDeltaM (headDeltaM d)))
(unDeltaM (mu (fmap tailDeltaM (tailDeltaM d)))))

instance (Functor m, Monad m) => Monad (DeltaM m) where
return x = DeltaM (Mono (return x))
d >>=f mu (fmap f d)

e d@(DeltaM (Mono ...))

gooubuouobibobibidbasb0doooobobobbooooooog
gdddodoooooouououououooouduy eoogoooooooga
m@(Mono x) OOOOOOO Mono xU mUDOOOODOOODOOODODOODOO
gbboggbboooobbuooobboodobbbuoobbbuooobobodg
gobobooogbbbuoooobbboooobbogo

O0muO0ODetaD0OOOO0OO0OO0OO0OO0O0O0OOO MonadOOOOOOOOOO
ooooon

000000 10000000000 DeltaM OO fmap headDeltaM OO OO O OO
0000 >»>=id00O00 Monad DO0O0O0O0OO0OOOOOODOOOOOOOOOO 10
0ddoooooodd0oooooooobo0d0o0ooooobooooooDooOOoaa
O00dooo0D muOOOOO

mu 000000000 DeltaM O Monad O instance O O Om O Functor O Monad
0000000 DeltaM O Monad OO OO

recurn 000000000 Monad O return 0000000000000 ODO0O 10
OO0 MonoOOOODO DeltaM OOOOODOOO >»>=0 fmapd muOOO0O0O0O0O0O0O0

000 Delta Monad O OO Monad DOOOOOOOO DeltaM OOOOOOO
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7.2 DeltaM D0DUO0O0OOOOOO0O

DeltaM OO0 O00OO0OO0OO0OOOOOOOODOOODOOODODOOODOOODODOOOOO
00000000000 00000D00D000OOHaskell DODODOOOOODODODODOO
00000 Monad OO0 Writer OO Monad DO0OOOOOOOODO 240000
numberCount O OO0 0O 00O O O O Writer Monad O Delta Monad O OO0 OO O0OOOO
0000000 (000 7.2)0

OO0 72: DetaM OO DO ODOODODOOO

type Deltalog
type DeltaWithLog

Writer [String]
DeltaM Deltalog

returnW :: (Show a) => a -> Deltalog a
returnW x = do tell ([show x])
return Xx

deltalppend :: Delta a -> Delta a -> Delta a
deltaAppend (Mono x) d = Delta x d
deltaAppend (Delta x d) ds = Delta x (deltaAppend d ds)

deltaFromList :: [a] -> Delta a
deltaFromList = (foldll deltaAppend) . (fmap return)

generatorM :: Int -> DeltaWithLog [Int]
generatorM x = let intList = [1..x] in
DeltaM (deltaFromList (fmap returnW (replicate 2 intList)))

numberFilterM :: [Int] -> DeltaWithLog [Int]
numberFilterM xs = let primelList = filter isPrime xs
evenList = filter even xs in
DeltaM (deltaFromList (fmap returnW [primeList, evenList]))

countM :: [Int] -> DeltaWithLog Int
countM xs = let numberCount = length xs in
DeltaM (deltaFromList (fmap returnW (replicate 2 numberCount)))

numberCountM :: Int -> DeltaWithLog Int
numberCountM x = generatorM x >>= numberFilterM >>= countM

Writer U 00O OO0 DeltaM O DeltaWithLog D0 ODOOOOOOOOOOOO type
0000000000000 0D0000000D000 WriterOOODOODODO String O List
0000000 DeltaLog U0 O O DeltaLlog 0 00O OO DeltaM O OO DeltaWithLog
oooooog

0000000o0ooboobooooog reeuernW ODOOODOODOOOOOOOO
DeltaLog 00D O00OO0O0D0DOO0OD0OOtelDO00ODODOOODO Writer DOODOOO
O return OO0 0O 00O 0
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e countM
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OO0 7.3: NumberCountM O OO OOOOOO

DeltaM (Delta (WriterT (Identity (8,

(*(1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20] ",
"[2,3,5,7,11,13,17,19]",
ll8|l])))

(Mono (WriterT (Identity (10,

(*[1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20] ",
"[2,4,6,8,10,12,14,16,18,20]",
"10"1)))))

numberCountM OO0 0000000200000 0000000000O0O0O000O0O
000000000000 00DO00b0000O0000O0000bL0000OO00oDo00n
Oooooono Writer DOOOOO0OOODOODODOO

20000000000 generatorM 00000 10020000000000000
numberFilterM 000 0000000000000 000O0OO0OOOOOOOODODOOO
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oodOd1ooooo
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(1 O A Haskell 0000 Delta [
DeltaM OO QO OOOOGOOO
000

Al ODO0OO0OO0OO0OO0OOOOOOOO

ooo0opooboboooooboobooboboboboooOo Al0o0Og

’ H version ‘

Mac OS X || 10.9.5
ghce 7.8.4

Agda 2.4.2.2
agda-stdlib 0.9

cabal 1.22.0.0
OALDOODOO

A.2 Deltall DeltaM OO O OOOO
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OO0 Al: Deta DOODOOOO

[
| module Delta ( Delta(..) , deltaAppend , headDelta , tailDelta , deltaFromList) where

import Control.Applicative

—— Delta definition
data Delta a = Mono a | Delta a (Delta a) deriving Show

| instance (Eq a) => Eq (Delta a) where
\ Mono x) == (Mono y) =x ==

\ Mono _) == (Delta _ _) = False

Delta x xs) == (Deltay ys) = (x ==y) (xs ==ys)

—— basic functions

deltaAppend :: Delta a —> Delta a —> Delta a
deltaAppend EMono x)d =Deltaxd

deltaAppend (Delta x d) ds = Delta x (deltaAppend d ds)
headDelta :: Deltaa —> a
| headDelta (Mono x) = x

headDelta (Delta x _) = x

tailDelta :: Delta a —> Delta a
tailDelta d@(Mono _) =4d
tailDelta (Delta _ ds) = ds

—— instance definitions

instance Functor Delta where
| fmap £ EMono x) = Momo (f x)

fmap f (Delta x d) = Delta (f x) (fmap £ d)

instance Applicative Delta where
pure f = Mono
(Mono £)  <*> (Momo x) = Mono (f x)
df@(Mono f) <*> (Delta x d) = Delta (f x) (df <*>d
Delta f df) <*> d@(Mono x) = Delta (f x) (df <*>d
Delta f df) <*> (Delta x d) = Delta (f x) (df <*>d

bind :: (Delta a) —> (a —> Delta b) —> (Delta b)

bind (Mono x) f =1 x

bind (Delta x d) £ = Delta (headDelta (f x)) (bind d (tailDelta . f))
mu :: (Delta (Delta a)) —> (Delta a)

mud = bind d id

instance Monad Delta where
return x = Mono x
d>>=f =mu$ fmap fd

| deltaFromList :: [a] —> Delta a
| deltaFromList = (foldll deltaAppend) . (fmap return)
L
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module DeltaM (DeltaM(..), unDeltaM, appendDeltaM, tailDeltaM, headDeltaM, checkOut) where
import Control.Applicative

import Delta

—— DeltaM definition (Delta with Monad)

data DeltaM m a = DeltaM (Delta (m a)) deriving (Show)

—— DeltaM utils

| unDeltaM :: DeltaM m a —> Delta (m a)
unDeltaM (DeltaM d) = d

headDeltaM :: DeltaMma —>m a
headDeltaM (DeltaM d) = headDelta d

tailDeltaM :: DeltaM m a —> DeltaMm a
tailDeltaM (DeltaM d) = DeltaM $ tailDelta d

appendDeltaM :: DeltaM m a —> DeltaM m a —> DeltaMm a
appendDeltaM (DeltaM d) (DeltaM dd) = DeltaM (deltaAppend d dd)

checkQOut :: Int —> DeltaMma —>ma

| checkOut O (DeltaM (Mono x)) =x

checkOut O (DeltaM (Deltax _)) = x

checkOut n (DeltaM (Mono x)) = x

checkOut n (DeltaM (Delta _ d)) = checkOut (n—1) (DeltaM d)

—— DeltaM instance definitions

| instance (Functor m) => Functor (DeltaM m) where
fmap f (DeltaM d) = DeltaM $ fmap (fmap f) d

instance (Applicative m) => Applicative (DeltaM m) where
pure f = DeltaM $ Mono $ pure £
(DeltaM (Mono f)) <> (DeltaM (Mono x)) = DeltaM $ Mono $ f <*> x

dfe(DeltaM (Mono f)) <*> (DeltaM (Delta x d)) = appendDeltaM (DeltaM $ Mono $ £ <> x) (df <> (DeltaM d))

\

\

\

\

\ DeltaM (Delta f df)) <> dx@(DeltaM (Mono x)) = appendDeltaM (DeltaM $ Mono $ f <x> x
\ DeltaM (Delta f df)) <*> (DeltaM (Delta x dx)) = appendDeltaM (DeltaM $ Mono $ f <*> x
‘ DeltaM dx))
| m

\

\

\

\

:: (Functor m, Monad m) => DeltaM m (DeltaM m a) —> DeltaMm a
mu’ de(DeltaM (Mono _)) = DeltaM $ Mono $ (>>= id) $ fmap headDeltaM $ headDeltaM d
mu’ d@ Delta _ _)) = DeltaM $ Delta ((>>= id) $ fmap headDeltaM $ headDeltaM d)
(unDeltaM (mu’ (fmap tailDeltaM (tailDeltaM d))))

DeltaM

instance (Functor m, Monad m) => Monad (DeltaM m) where
return x = DeltaM $ Mono $ return x
d>>=f =mu $ fmap £ d

Xt

DeltaM df
DeltaM df

)

<*> dx)
<x> (
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open import Level
open import Relation.Binary.PropositionalEquality
open =—Reasoning

open import basic

open import delta

open import delta.functor
open import delta.monad
open import deltaM

open import deltaM.functor
open import nat

open import laws

module deltaM.monad where
open Functor

open NaturalTransformation
open Monad

—— sub proofs

deconstruct—id : {1 : Level} {A: Set 1} {n: Nat
{T :Set 1 — Set 1} {F : Functor T} {M: Monad T F} —
(d : DeltaM M A (S n)) — deltaM (unDeltaM d) =d
deconstruct—id {n = 0} (deltaM x) = refl
deconstruct—id {n = S n} (deltaM x) = refl

headDeltaM—with—f : {1 : Level} {AB: Set 1} {n : Nat}

T:Set 1 — Set 1} {F : Functor T} {M: Monad T F}

f:A—B)— (x: (DeltaM M A (Sn))) —

(fmap F £) o headDeltaM) x = (headDeltaM o (deltaM—fmap f)) x
headDeltaM—with—f {n = 0} £ (deltaM (mono x)) = refl
headDeltaM—with—f {n = S n} f (deltaM (delta x d)) = refl

tailDeltaM—with—f : {1 : Level} {AB: Set 1} {n: Nat}

T:Set 1 — Set 1} {F : Functor T} {M: Monad T F}

f:A—B)— (d: (DeltaMM A (S (Sn)))) —

tailDeltaM o (deltaM—fmap f)) d = ((deltaM—fmap f) o tailDeltaM) d
tailDeltaM—with—f {n = 0} £ (deltaM (delta x d)) = refl
tailDeltaM—with—f {n = S n} f (deltaM (delta x d)) = refl

fmap—headDeltaM—with—deltaM—mu : {1 : Level} {A : Set 1} {n: Nat}
{T:Set 1 — Set 1} {F : Functor T} {M: Monad T F} —
(x : T (DeltaM M (DeltaM M A (S n)) (S n))) —
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117

121
122
123
124
125
126
127
128
129
130
131

fmap—tailDeltaM—with—deltaM—mu {n
fmap—tailDeltaM—with—deltaM—mu

deltaM—eta—is—nt {1 {A}

deltaM—eta—is—nt {1} {A} {B} {Sn

fmap F (headDeltaM o deltaM—mu) x = fmap F (((mu M) o (fmap F headDeltaM)) o headDeltaM) x

\
fmap—headDeltaM—with—deltaM—mu {n = 0} x = refl \
fmap—headDeltaM—with—deltaM—mu

n = Sn} x = refl

fmap—tailDeltaM—with—deltaM—mu : {1 : Level} {A : Set 1} {n: Nat}

T:Set 1 — Set 1} {F : Functor T} {M: Monad T F} —
(d : DeltaM M (DeltaM M (DeltaM M A (S (Sn))) (S (Sn))) (Sn)) —
deltaM—fmap (tailDeltaM o deltaM—mu) d = deltalM—fmap ((deltaM—mu o (deltaM—fmap tailDeltaM)) o
tailDeltaM) d

\
\
\
\
\
0} (deltaM (mono x)) = refl \
S n} (deltaM d) = refl \

—— main proofs

deltaM—eta—is—nt : {1: Level} {AB: Set 1} {n: Nat}

{T : Set 1 — Set 1} {F : Functor T} {M: Monad T F} —

f:A—B)— x A ) —

(deltaM eta n} {T} {F} M} )o ) x = deltaM—fmap f (deltaM—eta x)

{fm fx = begin

deltaM—eta {n =

deltaM (mono eta mm (f x)))

deltaM (mono (fmap fm f (eta mm x))) =( refl)
]

e
W’

cong (\de — deltaM (mono de)) (eta—is—nt mm f x) )

N2

deltaM—fmap f (deltaM—eta {n = 0} x
{M} {fm} {mm} f x = begin

deltaM—eta {n = S n} (f x)

=(refl)

de<ltaM (c;eltafeta {n =S n} (etamm (f x)))

=( refl

deltaM (delta (etamm (f x)) (delta—eta (eta mm (f x))))

=( cong (\de — deltaM (delta de (delta—eta de))) (eta—is—nt mm £ x) )

deltaM (delta (fmap fm f (eta mm x)) (delta—eta (fmap fm f (eta mm x))))

=( cong (\de — deltaM (delta (fmap fm f (eta mm x)) de)) (eta—is—nt delta—is—monad (fmap fm f) (eta mm x)) )

de<1taM (delta (fmap fm f (eta mm x)) (delta—fmap (fmap fm f) (delta—eta (eta mm x))))

=( refl

cﬁeltaM—fmap f (deltaM—eta {n = S n} x)

deltaM—mu—is—nt : {1 : Level} {AB: Set 1} {n : Nat}

T:Set 1 — Set 1} {F : Functor T} {M: Monad T F}
£:A—B) — (d:DeltaM M (DeltaM M A (Sn)) (Sn)) —
deltaM—fmap f (deltaM—mu d) = deltaM—mu (deltaM—fmap (deltaM—fmap f) d)

deltaM—mu—is—nt {1} {A} {B} {0} {T} {F} {M} f (deltaM (mono x)) = begin

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

deltaM—fmap f (deltaM—mu (deltaM (mono x))) \
=(refl) \
deltaM—fmap f (deltaM (mono (mu M (fmap F headDeltaM x)))) \
=(refl) \
deltaM (mono (fmap F f (mu M (fmap F headDeltal x)))) \
=( cong (\de — deltaM (mono de)) (sym (mu—is—nt M f (fmap F headDeltaM x))) ) \
deltaM (mono (mu M (fmap F (fmap F f) (fmap F headDeltaM x)))) \
=( cong (\de — deltaM (mono (mu M de))) (sym (covariant F headDeltaM (fmap F f) x)) ) \
deltaM (mono (mu M (fmap F ((fmap F f) o headDeltaM) x))) \
=( cong (\de — deltaM (mono (mu M de))) (fmap—equiv F (headDeltaM—with—f f) x) ) \
deltaM (mono (mu M (fmap F ((headDeltaM {M = M}) o (deltaM—fmap f)) x \
=( cong (\de — deltaM (mono (mu M de))) (covariant F (deltaM—fmap f) (headDeltaM) x) ) \
deltaM (mono (mu M (fmap F (headDeltaM {M = M}) (fmap F (deltaM—fmap f) x)))) |
\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

=(refl)

deltaM (mono (mu M (fmap F (headDeltaM {M = M}) (headDeltaM {M = M} (deltaM (mono (fmap F (deltaM—fmap f) x)))))))
=(refl)

deltaM—mu (deltaM (mono (fmap F (deltaM—fmap f) x)))

=( refl)

deltaM—mu (deltaM—fmap (deltaM—fmap f) (deltaM (mono x)))
]

deltaM—mu—is—nt {1} {A} {B} {S n} éT} {F} {M} £ (deltaM (delta x d)) = begin

deltaM—fmap f (deltaM—mu (deltaM (delta x d))) =( refl
deltaM—fmap f (deltaM (delta (mu M (fmap F (headDeltaM {M = M}) (headDeltaM {M = M} (deltaM (delta x d)))))
0 > (unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (tailDeltaM (deltaM (delta x d))))))))
refl
deltaM—fmap f (deltaM (delta (mu M (fmap F (headDeltaM {M = M}) x
< > (unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM d))))))
=( refl
deltaM (delta (fmap F £ (mu M (fmap F (headDeltaM {M = M}) x
(delta—fmap (fmap F £) (unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM d))))))
=( cong (\de — deltaM (delta de
(delta—fmap (fmap F f) (unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltalM d)))))))
(sym (mu—is—nt M f (fmap F headDeltaM x)))
deltaM (delta (mu M (fmap F (fmap F f) (fmap F (headDeltaM {M = M}) x)))
(delta—fmap (fmap F £) (unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM d))))))
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137
138
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151
152
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157
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199
200

deltaM—right—unity—1law {1} {A} {0

=( cong (\de — deltaM (delta (mu M de) (delta—fmap (fmap F f) (unDeltaM {M = M} (deltaM—mu (deltaM—fmap \
tailDeltaM (deltaM d))))))) |
(sym (covariant F headDeltaM (fmap F f) x)) ) \
deltaM (delta (mu M (fmap F ((fmap F f) o (headDeltaM {M = M})) x)) |
(delta—fmap (fmap F f) (unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM d)))))) \
=( cong (\de — deltaM (delta (mu M de) (delta—fmap (fmap F f) (unDeltaM {M = M} (deltaM—mu (deltaM—fmap |
tailDeltaM (deltaM d))))))) \
(fmap—equiv F (headDeltaM—with—f f) x) \
deltaM (delta (mu M (fmap F ((headDeltaM {M = M}) o (deltaM—fmap f)) x)) |
< (delta—fmap (fmap F £) (unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM d)))))) \
=( refl |
deltaM (delta (mu M (fmap F ((headDeltaM {M = M}) o (deltaM—fmap £)) x)) |
(unDeltaM {M = M} (deltaM—fmap f (deltaM—mu (deltaM—fmap tailDeltaM (deltaM d)))))) \
=( cong (\de — deltaM (delta (mu M (fmap F ((headDeltaM {M = M}) o (deltaM—fmap f)) x)) (unDeltaM de))) |
(deltaM—mu—is—nt {1} {A} {B} {n} {T} {F} {M} £ (deltaM—fmap tailDeltaM (deltaM d))) ) \
deltaM (delta (mu M (fmap F ((headDeltaM {M = M}) o (deltaM—fmap £)) x)) |
c j(rt)m(DeltaM {I‘g)):))l‘g} (deltaM—mu (deltaM—fmap (deltaM—fmap {n = n} f) (deltaM—fmap {n = n} (tailDeltaM |
n=n deltaM d |
=( cong (\de — deltaM (delta (mu M (fmap F ((headDeltaM {M = M}) o (deltaM—fmap f)) x)) (unDeltaM {M = M} (deltaM |
—mu de |
(sym (deltaM—covariant (deltaM—fmap f) tailDeltaM (deltaM d))) ) |
deltaM (delta (mu M (fmap F ((headDeltaM {M = M}) o (deltaM—fmap f)) x)) |
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap {n = n} ((deltaM—fmap {n = n} f) o (tailDeltaM {n =n})) ( |
deltaM d)))))

=( cong (\de — deltaM (delta (mu M (fmap F ((headDeltaM {M = M}) o (deltaM—fmap f)) x)) (unDeltaM {M = M} (deltaM
“m de)))) |
(sym (deltaM—fmap—equiv (tailDeltaM—with—f f) (deltaM d))) ) \

deltaM (delta (mu M (fmap F ((headDeltaM {M = M}) o (deltaM—fmap £)) x)) \
\

\

(unDeltaM {M = M} (deltaM—mu (deltaM—fmap (tailDeltaM o (deltaM—fmap f)) (deltaM d)))))

=( cong (\de — deltaM (delta (mu M (fmap F ((headDeltaM {M = M}) o (deltaM—fmap f)) x)) (unDeltaM {M = M} (deltaM
i 4e)))) |
(deltaM—covariant tailDeltaM (deltaM—fmap f) (deltaM d)) ) \
deltaM (delta (mu M (fmap F ((headDeltaM {M = M}) o (deltaM—fmap £)) x)) |
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM—fmap (deltaM—fmap f) (deltaM d)))))) \
=(refl) |
deltaM (delta (mu M (fmap F ((headDeltaM {M = M}) o (deltaM—fmap f)) x)) |
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—fmap (fmap F (deltaM—fmap £f)) d) |

)

[
=( cong (\de — deltaM (delta (mu M de) (unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta— |
fmap (fmap F (deltaM—fmap f)) d))))))) \
(covariant F (deltaM—fmap f) headDeltaM x) ) \
deltaM (delta (mu M (fmap F (headDeltaM {M = M}) (fmap F (deltaM—fmap f) x))) \
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—fmap (fmap F (deltaM—fmap £ |

=(re
deltaM (delta (mu M (fmap F (headDeltaM {M = M}) (headDeltaM {M = M} (deltaM (delta (fmap F (deltaM—fmap f) x) (
delta—fmap (fmap F (deltaM—fmap £)) d)))))

)) DN)))
£1)

(unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (tailDeltaM (deltaM (delta (fmap F (deltaM—

fmap f) x) (delta—fmap (fmap F (deltaM—fmap £f)) d))))))))
=(refl)
deltaM—mu (deltaM (delta (fmap F (deltaM—fmap f) x) (delta—fmap (fmap F (deltaM—fmap f)) d)))
=(refl)
deltaM—mu (deltaM—fmap (deltaM—fmap f) (deltaM (delta x d)))

deltaM—right—unity—law : {1 : Level} {A : Set 1} {n: Nat}

\

\

\

\

\

\

\

\

\

\

\

{T :Set 1 — Set 1} {F : Functor T} {M: Monad T F} — \

(d:DeltaM M A (S n)) — (deltaM—mu o deltaM—eta) d = id d \

{M} {fm} {mm} (deltaM (mono x)) = begin \

deltaM—mu (deltaM—eta (deltaM (mono x))) =( refl \
deltaM—mu (deltaM (mono (eta mm (deltaM (mono x))))) =( refl \
deltaM (mono (mu mm (fmap fm (headDeltaM {M = mm})(eta mm (deltaM (mono x)))))) \
=( cong (\de — deltaM (mono (mu mm de))) (sym (eta—is—nt mm headDeltaM (deltaM (mono x)) \
\

\

\

\

\

\

\

\

\

\

\

\

\

\

\

derean gﬁiﬁf’, (s (om0 omg. (1o ) abkabt (nomo do)) (eym (n2ght —umisy Las s x)) )|
cﬁeltaM mono x)

deltaM—right—unity—law {1} {A} {S n} {T} {F} {M} (deltaM (delta x d)) = begin

deltaM—mu (deltaM—eta (deltaM (delta x d)))
=(refl)
deltaM—mu (deltaM (delta (eta M (deltaM (delta x d))) (delta—eta (eta M (deltaM (delta x d))))))
=(refl)
deltaM (delta (mu M (fmap F (headDeltaM {M = M}) (headDeltaM {M = M} (deltaM (delta {1} {T (DeltaM M A (S (Sn)))}
{n} (eta M (deltaM (delta x d))) (delta—eta (eta M (deltaM (delta x d)))))))))
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (tailDeltaM (deltaM (delta (eta M (deltaM (delta
x d))) (delta—eta (eta M (deltaM (delta x d)))))))))))
=( refl)
deltaM (delta (mu M (fmap F (headDeltaM {M = M}) (eta M (deltaM (delta x d)))))
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201

202
203

204
205
206

207
208
209

210

211
212

213
214

215

217

242

243
244
245
246
247
248
249
250
251
252
253
254
255
256

257

258
259
260
261

262
263
264
265
266
267
268

269
270

deltaM—left—unity—1law : {1 : Level} {A: Set 1} {n: Nat}

deltaM—left—unity—law {1} {A} {0} éT} {F} %M} (deltaM (mono x)) = begin

deltaM—left—unity—law {1} {A} {S n} {T} {F} {M} (deltaM (delta x d)) = begin

(unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—eta (eta M (deltaM (delta x d))))
)
=( cong (\de — deltaM (delta (mu M de)
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—eta (eta M (deltaM (delta x d))))
)

(sym (eta—is—nt M headDeltaM (deltaM (delta x d)))) )
deltaM (delta (mu M (eta M (headDeltaM {M = M} (deltaM (delta x d)))))
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—eta (eta M (deltaM (delta x d))))
)

=(refl)
deltaM (delta (mu M (eta M x))
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—eta (eta M (deltaM (delta x d))))
)

=( cong (\de — deltaM (delta de (unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—eta (eta
M (deltaM (delta x d))))))))))
(sym (right—unity—law M x))
deltaM (delta x (unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—eta (eta M (deltaM (delta
U
=( refl
delt(aM (delta);)c (Bln]Z;e)zltaM {M = M} (deltaM—mu (deltaM (delta—fmap (fmap F tailDeltaM) (delta—eta (eta M (deltaM
delta x d)))))))
=( cong (\de — deltaM (delta x (unDeltaM {M = M} (deltaM—mu (deltaM de)))))
(sym (delta—eta—is—nt (fmap F tailDeltaM) (eta M (deltaM (delta x d)))))
deltaM (delta x (unDeltaM {M = M} (deltaM—mu (deltaM (delta—eta (fmap F tailDeltaM (eta M (deltaM (delta x d)))))

=( cong (\de — deltaM (delta x (unDeltaM {M = M} (deltaM—mu (deltaM (delta—eta de))))))
(sym (eta—is—nt M tailDeltaM (deltaM (delta x d)))) )
deltaM (delta x (unDeltaM {M = M} (deltaM—mu (deltaM (delta—eta (eta M (tailDeltaM (deltaM (delta x d)))))))))
=(refl)
deltaM (delta x (unDeltaM {M = M} (deltaM—mu (deltaM (delta—eta (eta M (deltalM d)))))))
=(refl)
deltaM (delta x (unDeltaM {M = M} (deltaM—mu (deltaM—eta (deltaM d)))))
=( cong (\de — deltaM (delta x (unDeltaM {M = M} de))) (deltaM—right—unity—law (deltaMd)) )
deltaM (delta x (unDeltaM {M = M} (deltaM d)))
=( refl)
deltaM (delta x d)
|

T:Set 1 — Set 1} {F : Functor T} {M: Monad T F}
d :DeltaM M A (S n)) — (deltaM—mu o (deltaM—fmap deltaM—eta)) d = id d

deltaM—mu (deltaM—fmap deltaM—eta (deltaM (mono x))) =( refl )

deltaM—mu (deltaM (mono (fmap F deltaM—eta x))) =( refl

deltaM (mono (mu M (fmap F (headDeltaM {M = M}) (headDeltaM {M = M} (deltaM (mono (fmap F deltaM—eta x)))))))
=( refl)

deltaM (mono (mu M (fmap F (headDeltaM {M = M}) (fmap F deltaM—eta x))))

=( cong (\de — deltaM (mono (mu M de))) (sym (covariant F deltaM—eta headDeltaM x)) )

deltaM (mono (mu M (fmap F ((headDeltaM {n = 0} {M = M}) o deltaM—eta) x)))

=(refl)

deltaM (mono (mu M (fmap F (eta M) x)))

=( cong (\de — deltaM (mono de)) (left—unity—law M x) )

deltaM (mono x

|

de<1taM—1;1u (deltaM—fmap deltaM—eta (deltalM (delta x d)))
=( refl
de(ltaMﬂ;lu (deltaM (delta (fmap F deltaM—eta x) (delta—fmap (fmap F deltaM—eta) d)))
=( refl
deltaM (delta (mu M (fmap F (headDeltaM {n = S n} {M = M}) (headDeltaM {n = S n} {M = M} (deltaM (delta (fmap F
deltaM—eta x) (delta—fmap (fmap F deltaM—eta) d))))))
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (tailDeltaM (deltaM (delta (fmap F deltaM—eta x) (delta—
fmap (fmap F deltaM—eta) d))))))))
=( refl
deltaM (delta (mu M (fmap F (headDeltaM {n = S n} {M = M}) (fmap F deltaM—eta x)))
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—fmap (fmap F deltaM—eta) d))))))
=( cong (\de — deltaM (delta (mu M de) (unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—
fmap (fmap F deltaM—eta) d)))))))
(sym (covariant F deltaM—eta headDeltal x)) )
deltaM (delta (mu M (fmap F ((headDeltaM {n = S n} {M = M}) o deltaM—eta) x))
< > (unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—fmap (fmap F deltaM—eta) d))))))
=( refl
deltaM (delta (mu M (fmap F (eta M) x))
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—fmap (fmap F deltaM—eta) d))))))
=( cong (\de — deltaM (delta de (unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—fmap
fmap F deltaM—eta) d)))))))
(left—unity—1law M x)

\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
\
deltaM (delta x (unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—fmap (fmap F deltaM—eta) |
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271
272

273

274

275
276
277
278
279
280

281
282

283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312

313
314
315
316
317
318
319
320
321
322
323
324
325
326
327

328

329
330
331
332

333

334
335
336

337
338
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0)) |
=(refl) \
deltal‘;)((delta X St31)1]5))e)1taM {M = M} (deltaM—mu (deltaM—fmap (tailDeltaM {n = n})(deltaM—fmap (deltaM—eta {n = S|

n})(deltaM d |
=( cong((\de — d)e)1t>aM (delta x (unDeltaM {M = M} (deltaM—mu de)))) (sym (deltaM—covariant tailDeltaM deltaM— |

eta (deltaM d))) \
deltaM (delta x (unDeltaM {M = M} (deltaM—mu (deltaM—fmap ((tailDeltaM {n = n}) o (deltaM—eta {n = S n})) ( |

deltal d)))) |
=(refl) |
deltaM (delta x (unDeltaM {M = M} (deltaM—mu (deltaM—fmap deltaM—eta (deltaM d))))) \
=( cong (\de — deltaM (delta x (unDeltaM {M = M} de))) (deltaM—left—unity—law (deltaM d)) ) |
deltaM (delta x (unDeltaM {M = M} (deltaM d))) |
=(refl) |
t;eltaM (delta x d) \

deltaM—association—law : {1 : Level} {A : Set 1} {n: Nat}

T:Set 1 — Set 1} {F : Functor T} {M: Monad T F}
d : DeltaM M (DeltaM M (DeltaM M A (Sn)) (Sn)) (Sn)) —
deltaM—mu (deltaM—fmap deltaM—mu d) = deltaM—mu (deltaM—mu d)

deltaM—association—1law {1} {A} {0} {T} {F} {M} (deltaM (mono x)) = begin

[

\

[

[

[
deltaM—mu (deltaM—fmap deltaM—mu (deltaM (mono x))) \
=(refl) \
deltaM—mu (deltaM (mono (fmap F deltaM—mu x))) \
=(refl) |
deltaM (mono (mu M (fmap F (headDeltaM {M = M}) (headDeltaM {M = M} (deltaM (mono (fmap F deltaM—mu x))))))) \
=(refl) \
deltaM (mono (mu M (fmap F (headDeltaM {M = M}) (fmap F deltaM—mu x)))) |
=( cong (\de — deltaM (mono (mu M de))) (sym (covariant F deltaM—mu headDeltaM x)) ) \
deltaM (mono (mu M (fmap F ((headDeltaM {M = M}) o deltaM—mu) x))) |
=(refl) |
deltaM (mono (mu M (fmap F (((mu M) o (fmap F headDeltaM)) o headDeltaM) x))) \
( cong (\de — deltaM (mono (mu M de))) (covariant F headDeltaM ((mu M) o (fmap F headDeltaM)) x) ) |
eltaM (mono (mu M ((((fmap F (((mu M) o (fmap F headDeltaM)))) o (fmap F headDeltaM)) x)))) |
(refl) \
eltaM (mono (mu M ((((fmap F (((mu M) o (fmap F headDeltaM)))) (fmap F headDeltaM x)))))) |
( cong (\de — deltaM (mono (mu M de))) (covariant F (fmap F headDeltaM) (mu M) (fmap F headDeltal x)) ) \
eltaM (mono (mu M (((fmap F (mu M)) o (fmap F (fmap F headDeltal))) (fmap F headDeltaM x)))) |
(refl) \
eltaM (mono (mu M (fmap F (mu M) ((fmap F (fmap F headDeltaM) (fmap F headDeltaM x)))))) \
( cong (\de — deltaM (mono de)) (association—1law M (fmap F (fmap F headDeltaM) (fmap F headDeltaM x))) ) \
deltaM (mono (mu M (mu M (fmap F (fmap F headDeltaM) (fmap F headDeltaM x))))) \
=( cong (\de — deltaM (mono (mu M de))) (mu—is—nt M headDeltaM (fmap F headDeltaM x)) ) \
deltaM (mono (mu M (fmap F (headDeltaM {M = M}) (mu M (fmap F (headDeltaM {M = M}) x))))) \
=(refl) |
deltaM (mono (mu M (fmap F (headDeltaM {M = M}) (headDeltaM {M = M} (deltaM (mono (mu M (fmap F (headDeltaM {M =M |
D) |
=(refl) \
deltaM—mu (deltaM (mono (mu M (fmap F (headDeltaM {M = M}) x)))) \
=(refl) |
\

[

[

\

[

[

[

[

\

[

\

[

[

[

\

[

[

[

[

\

[

[

[

[

\

[

[

(12101 & 1121l

deltaM—mu (deltaM (mono (mu M (fmap F (headDeltaM {M = M}) (headDeltaM {M = M} (deltaM (mono x)))))))
=( refl)
deltaM—mu (deltaM—mu (deltaM (mono x)))

deltaM—association—law {1} {A} {S n} {T} {F} {M} (deltaM (delta x d)) = begin

deltaM—mu (deltaM—fmap deltaM—mu (deltaM (delta x d)))

=( refl

deltaM—mu (deltaM (delta (fmap F deltaM—mu x) (delta—fmap (fmap F deltaM—mu) d)))

=(refl)

deltaM (delta (mu M (fmap F (headDeltaM {M = M}) (headDeltaM {A = DeltaM M A (S (Sn))} {M = M} (deltaM (delta (
fmap F deltalM—mu x) (delta—fmap (fmap F deltaM—mu) d))))))

(unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (tailDeltaM (deltaM (delta (fmap F deltaM—mu x)

(delta—fmap (fmap F deltaM—mu) d))))))))

=( refl)
deltaM (delta (mu M (fmap F (headDeltaM {A = A} {M = M}) (fmap F deltaM—mu x)))
) )(unDeltaM {A = A} {M =M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—fmap (fmap F deltaM—mu)
d
=( cong (\de — deltaM (delta (mu M de) (unDeltaM {A = A} {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (
delta—fmap (fmap F deltaM—mu) d)))))))
(sym (covariant F deltaM—mu headDeltaM x)) )
deltaM (delta (mu M (fmap F ((headDeltaM {A = A} {M = M}) o deltaM—mu) x))
) )(unDeltaM {A = A} {M =M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—fmap (fmap F deltaM—mu)
d
=( cong g\de — deltaM (delta (mu M de)
(unDeltaM {A = A} {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—fmap (fmap F
deltal—m) 4)))))))
(fmap—headDeltaM—with—deltaM—mu {A = A} {M =M} x) )
deltaM (delta (mu M (fmap F (((mu M) o (fmap F headDeltaM)) o headDeltaM) x))
))))))(unDeltaM {A = A} {M =M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM (delta—fmap (fmap F deltaM—mu)
d
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=( refl)
deltaM (delta (mu M (fmap F (((mu M) o (fmap F headDeltaM)) o headDeltaM) x))
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM—fmap deltaM—mu (deltaM d))))))
=( cong (\de — deltaM((d;l‘:cLaa(l\rlrllu{l\I:I'I (fr;ﬁp(g (1((m; M) od(f)n;%w F headDeltaM)) o headDeltaM) x))
unDelt = eltaM—mu de
(sym (deltaM—covariant tailDeltaM deltaM—mu (deltaM d))) )
deltaM (delta (mu M (fmap F (((mu M) o (fmap F headDeltaM)) o headDeltaM) x))
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap (tailDeltaM o deltaM—mu) (deltaM d)))))
=( cong (\de — deltaM (delta (mu M (fmap F (((mu M) o (fmap F headDeltaM)) o headDeltaM) x))
(unDeltaM {M = M} (deltaM—mu de))))
(fmap—tailDeltaM—with—deltaM—mu (deltaM d))
deltaM (delta (mu M (fmap F (((mu M) o (fmap F headDeltaM)) o headDeltaM) x))
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap ((deltaM—mu o (deltaM—fmap tailDeltaM)) o tailDeltaM) (
deltaM d)))))
=( cong (\de — deltaM (delta (mu M de)
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap ((deltaM—mu o (deltaM—fmap tailDeltaM)) o
tailDeltaM) (deltaM d))))))
(covariant F headDeltaM ((mu M) o (fmap F headDeltaM)) x) )
deltaM (delta (mu M (((fmap F ((mu M) o (fmap F headDeltaM))) o (fmap F headDeltaM)) x))
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap ((deltaM—mu o (deltaM—fmap tailDeltaM)) o tailDeltaM) (
deltaM d)))))
=( refl
deltaM (delta (mu M (((fmap F ((mu M) o (fmap F headDeltaM))) (fmap F headDeltaM x))))
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap ((deltaM—mu o (deltaM—fmap tailDeltaM)) o tailDeltaM) (
deltaM d)))))
=( cong (\de — deltaM (delta (mu M de)
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap ((deltaM—mu o (deltaM—fmap tailDeltaM)) o tailDeltaM) (
deltal 4))))))
(covariant F (fmap F headDeltaM) (mu M) (fmap F headDeltaM x)) )

\

[

[

[

\

[

[

[

[

\

[

[

[

[

\

[

[

[

[

\

[

[

[

[

\

[

[

[

}
deltaM (delta (mu M ((((fmap F (mu M)) o (fmap F (fmap F headDeltaM))) (fmap F headDeltaM x)))) |
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap ((deltaM—mu o (deltaM—fmap tailDeltaM)) o tailDeltaM) ( |

deltaM d))))) \

=( refl) |
deltaM (delta (mu M (fmap F (mu M) (fmap F (fmap F headDeltaM) (fmap F headDeltaM x)))) \
(u;l)]:ﬁ;.taM {M = M} (deltaM—mu (deltaM—fmap ((deltaM—mu o (deltaM—fmap tailDeltaM)) o tailDeltaM) ( |

deltaM d |

=( cong (\de — deltaM (delta de (unDeltaM {M = M} (deltaM—mu (deltaM—fmap ((deltaM—mu o (deltaM—fmap \
tailDeltaM)) o tailDeltaM) (deltaM d)))))) |
(association—law M (fmap F (fmap F headDeltaM) (fmap F headDeltaM x))) ) \
deltaM (delta (mu M (mu M (fmap F (fmap F headDeltaM) (fmap F headDeltaM x)))) \
(u;l)[ﬁ%taM {M = M} (deltaM—mu (deltaM—fmap ((deltaM—mu o (deltaM—fmap tailDeltaM)) o tailDeltaM) ( |

deltaM d |

( cong (\de — deltaM (delta (mu M de) (unDeltaM {M = M} (deltaM—mu (deltaM—fmap ((deltaM—mu o (deltaM—fmap |
tailDeltaM)) o tailDeltaM) (deltaM d)))))) |
(mu—is—nt M headDeltaM (fmap F headDeltaM x)) ) \
deltaM (delta (mu M (fmap F headDeltaM (mu M (fmap F headDeltaM x)))) \
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap ((deltaM—mu o (deltaM—fmap tailDeltaM)) o tailDeltaM) ( |

deltaM d))))) \

=( cong ()\)t)i;—: — deltaM (delta (mu M (fmap F headDeltaM (mu M (fmap F headDeltaM x)))) (unDeltaM {M = M} (deltaM— |
mu de |
(deltaM—covariant (deltaM—mu o (deltaM—fmap tailDeltaM)) tailDeltaM (deltaM d)) ) \
deltaM (delta (mu M (fmap F headDeltaM (mu M (fmap F headDeltal x)))) \
(unDeltaM {M = M} (deltaM—mu (((deltaM—fmap (deltaM—mu o (deltaM—fmap tailDeltaM)) o (deltaM—fmap |
tailDeltaM)) (deltaM d)))))) \

=( refl |
deltaM (delta (mu M (fmap F headDeltaM (mu M (fmap F headDeltal x)))) \
(unDeltaM {M = M} (deltaM—mu (((deltaM—fmap (deltaM—mu o (deltaM—fmap tailDeltaM)) (deltaM—fmap |
tailDeltaM (deltaM d)))))))) \

=( conjg))()\de — deltaM (delta (mu M (fmap F headDeltaM (mu M (fmap F headDeltaM x)))) (unDeltaM {M = M} (deltaM—mu |
de |
(deltaM—covariant deltaM—mu (deltaM—fmap tailDeltaM) (deltaM—fmap tailDeltaM (deltaM d))) ) \
deltaM (delta (mu M (fmap F headDeltaM (mu M (fmap F headDeltall x)))) |
(unDeltaM {M = M} (deltaM—mu (((deltaM—fmap deltaM—mu) o (deltaM—fmap (deltaM—fmap tailDeltaM))) ( |

< deltiMffmap tailDeltaM (deltaM d)))) \
=( refl |
deltaM (delta (mu M (fmap F headDeltaM (mu M (fmap F headDeltal x)))) \
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap deltaM—mu (deltaM—fmap (deltaM—fmap tailDeltaM) (deltaM |

—fmap tailDeltaM (deltaM d)))))) \

=( cong (\de — deltaM (delta (mu M (fmap F headDeltaM (mu M (fmap F headDeltaM x)))) (unDeltaM {M = M} de))) |
(deltaM—association—law (deltaM—fmap (deltaM—fmap tailDeltaM) (deltaM—fmap tailDeltaM (deltaM d)))) ) |
deltaM (delta (mu M (fmap F headDeltaM (mu M (fmap F headDeltal x)))) \
(unDeltaM {M = M} (deltaM—mu (deltaM—mu (deltaM—fmap (deltaM—fmap tailDeltaM) (deltaM—fmap \
tailDeltaM (deltaM d))))))) ‘

\

[

[

[

\

[

[

=( cong (\de — deltaM (delta (mu M (fmap F headDeltaM (mu M (fmap F headDeltaM x))))
(unDeltaM {M = M} (deltaM—mu de)))
(sym (deltaM—mu—is—nt tailDeltaM (deltaM—fmap tailDeltaM (deltaM d)))) )
deltaM (delta (mu M (fmap F headDeltaM (mu M (fmap F headDeltaM x))))
N (unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM—mu (deltaM—fmap tailDeltaM (deltaM d))
M)

=( cong (\de — deltaM (delta (mu M (fmap F headDeltaM (mu M (fmap F headDeltaM x))))

=
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411
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416
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419

| deltaM—is—monad : {1 : Level} {A: Set 1} {n: Nat}

| deltaM—is—monad {1} {A} {n} {T} {F} {M} =

(unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltal de))))) \

(sym (deconstruct—id (deltaM—mu (deltaM—fmap tailDeltaM (deltaM d))))) ) \
deltaM (delta (mu M (fmap F headDeltaM (mu M (fmap F headDeltaM x)))) \
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM \

(deltaM (unDeltaM {A = DeltaM M A (S (Sn))} {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltalM d)))) |

=( refl) \
deltaM (delta (mu M (fmap F headDeltaM (headDeltaM {M = M} ((deltaM (delta (mu M (fmap F headDeltaM x)) \
(unDeltaM {A = DeltaM M A (S (S n))} {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM d)))))) |
) |
(unDeltaM {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (tailDeltaM ((deltaM (delta (mu M (fmap F \
headDeltaM x)) \
(unDeltaM {A = DeltaM M A (S (S n))} {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (deltaM d)))))) |

)

=(refl) |
deltaM—mu (deltaM (delta (mu M (fmap F headDeltaM x)) \
(unDeltaM {A = DeltaM M A (S (Sn))} {M = M} (deltaM—mu (deltaM—fmap tailDeltalM (deltaM d)))))) |

=(refl) \
deltaM—mu (deltaM (delta (mu M (fmap F headDeltaM (headDeltaM {M = M} (deltaM (delta x d))))) \
(unDeltaM {A = DeltaM M A (S (S n))} {M = M} (deltaM—mu (deltaM—fmap tailDeltaM (tailDeltaM ( |

deltaM (delta x d)))))))) \

=( refl |
cﬁeltaM—mu (deltaM—mu (deltaM (delta x d))) \

\

{T : Set 1 — Set 1} {F : Functor T} {M: Monad T F} — \
Monad {1} (\A — DeltaM M A (S n)) (deltaM—is—functor {1} {n}) \
\

record { mu = deltaM—mu
eta = deltaM—eta
eta—is—nt = deltaM—eta—is—nt
mu—is—nt = (\f x — (sym (deltaM—mu—is—nt f x)))
association—law = deltaM—association—law
left—unity—law = deltaM—left—unity—law
right—unity—law = (\x — (sym (deltaM—right—unity—law x))) \
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