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Abstract

Proving highly reliable software is important. One way is checking if the specification is
satisfied or not, the other way is to prove the implementation satisfies the specification
directly. If we can check or prove actual implementations, it it much better. In this
paper, we use Continuation base C programming language (CbC) which can be used in
both model checking and proof.

We propose model checking method by enumerating bounded computational state in
CbC code as a meta computation. Akasha Meta Computation library makes it possible
to check red-black tree algorithm within a bounded tree size.

To assure the property for arbitrary size of trees, we need proof method. Proofs in a
program are known to correspond A calculus, which is a Curry-Howward Isomorphism.
We use dependently typed Agda proof assistance system. Formal definitions of CbC are
similarly defined by subtyped CbC terms using Agda. We prove properties of Single
Linked Stack using proposed formal definitions.
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% CbC HE T2 5, CbC Ttk T 17z GearsOS DIEREIEAREAIZH LT, A XEHAE
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5 CodeSegment IZE > TEHLTWK Z & TTu s I LDEfFEHRB, CbC DML
AT v /clang 12 & B FEH [8] & gee [9] 1T & 2FEE LR ENFIET B,

2.1 CodeSegment £ DataSegment

AMBETIIMGEEZ TRV T W T T LADHALE LT CodeSegment & DataSeg-
ment WS T5 7T IVIARANEREL TN D,

CodeSegment IZMID B TH B, AN ZEZITED, ZUTH U TUHEZITR > 7218
21247725, £72. CodeSegment 1ZfhdD CodeSegment & AlAHLE 2 Z & W AEE
TH b, H5 CodeSegment A % CodeSegment B I[Z##i L7256, A OHJ1IE B DA
J1e% (K 2.1),

DataSegment & CodeSegment 23> 7 — X DHALTH O, WHIZBE LT — X D34
TA>TW53, CodeSegment D AJ] & 7% % DataSegment (& Input DataSegment & FE(E
v, )71 Output DataSegment L IFEIX# 5, CodeSegment A & CodeSegment B % #
5t U721, A @ Output DataSegment I& B @ AJJ Input DataSegment & 725,

CodeSAegment DataSegment CodeSggment

2.1: CodeSegment & DataSegement
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2.2 Continuation based C (ZE 1} % CodeSegment &
DataSegment

BB EARWZL CbC DY —Aa—RNE2YAN2.11Z, V—AI2— NPEFINEFNEK
2.2 1279, Continuation based C IZF 1} % CodeSegment 133K D fli % £ 7= 7 WA & L
THRIINB, CodeSegment ZEFHET 57-0121F, C SEDHEEZERETHMXDIKRD
EDORER3IZ __code ¥—7V — F%2{EET %, Input DataSegment (ZBIDF[# & U TE
F2IN5, D CodeSegment ~NULH %2 9 ERIZI1E goto F—7 — FD&IZ CodeSegment
% & Input DataSegment Zf8ET 5, WHOBE 2 REMGE LTV, VAN 2.1 HD
goto csl(a+b); MINIZH 75, ZDHED (a+b) MIXD CodeSegment TdH B csl D

Input DataSegment & 725 cs0 @ Output DataSegment TdH 5,

) A K 2.1: CodeSegment D& ki

__code cs0(int a, int b){
goto csi(a+b);
}

_code cs1(int ¢){
goto cs2(c);

by

goto cs1(a+b) goto cs2(c)

2.2: CodeSegment D& ki

Scheme 72 £ D call/cc LW o 7zfkfEiE by TV XU S BIEE TOMEZEREE LT
RET 5, BERECIIEBOIETHLULAZ Yy 7ORETH S, CbC OREMRGIXIFEO
H U RE Rz Wed, AXy 72 BERELURP SN ZHIT TV, £oT, VA
;21 DTBET T LTI cs0 25 esl NEMEL 722121F cs0 NS T Z i1 5,

H D UMM ChbC DY —Aa— N2 YA 12212, EFFINIHENER2.3I1TRT,
ZDYV—=Ad—NIIBHOMELZ KD S T 5 L THbD, CodeSegment factorial) Tl
H 4 8BS~ OHRN k2 W TREZEEL TW5, BEkR IZREBITFOH L o
AR ZIFGFHE LRV, EHEFROME% DataSegment THfD Z & THIFZ &LV — 7L
HETHRSZEeNTE S,
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DA S 2.2 fgEERkDD CbC 707 7 L

__code print_factorial(int prod)

printf("factorial = %d\n", prod);
exit (0);
}

__code factorialO(int prod, int x)
{
if (x>=1) {
goto factorialO(prod*x, x-1);
} else {
goto print_factorial(prod);

3

__code factorial(int x)
{
goto factorialO(1l, x);

int main(int argc, char **argv)
{
int 1i;
i = atoi(argv[1]);

goto factorial(i);

3

goto factorialO

goto factorialO

factorial
0

print_
factorial

goto print_factorial

& 2.3: fEFEEZKDZ CbC T T A
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2.3 MetaCodeSegment ¥ MetaDataSegment
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FIILIRD A REVE W70 75 LT 588, CPU CliFILIE 21772 5 A REHH &
GPU T X ZEH 2 BRI IZIE U TR 5 Z LT E 5,

B, AREHEEIT7 S CodeSegment X Meta CodeSegment & FETUN, A X FHHEIZH
%72 DataSegment (¥ Meta DataSegment & FEZ, Meta CodeSegment 1% CodeSegment
DREIBIZA ZERE 2D Z & TEI I N, Meta DataSegment & DataSegment % & I
LD DataSegment & UCTHEBTEZ 5, o T, AXFAEITAFDEEZED LK 5 IZ5HE
ZHLRT DB D7ZEEZ6NDS (K2.4),

Meta DataSegment
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------- - i ! B e
e “~. ' i 7 T~
- Meta N L Meta N
CodeSegment \ CodeSegment | DataSegment :r >«\\ CodeSegment ' CodeSegment
S P 1 S P
S~ - - : E S - -

! |

2.4: Meta CodeSegment & Meta DataSegment

2.4 Continuation based C {251} 5 X XEHEDH: Gear-
sOS

CbC ZFHWT A REHREZFEB L 72Ml& LT, GearsOS [10] BMEET 5, GearsOS 1ilfi
Fli, EEME<EFT 52 e 2HEL LZ0S THD, <IVF a7 CPUX GPU B
TOHEEZRNRE L TWS, BIEIE OS DG MFMEE > D FEEPIThbNT NS,
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GearsOS (28T % A ZE1EIE Monad [11] Z HWT W3 [12], FREFHAD A XEIHEITAE
D OEM, MFNIZESIATL Z & HE% Synchronized Queue, 7 — X O LRAFEH D IERT IR
TREARDVD 5,

GearsOS TlZ CodeSegment & DataSegment (£Z %4 CodeGear & DataGear &
XN TWnwad, YILF a7 CPUERBETIE CodeGear & CodeSegment (X[F—72735, GPU B
5iTlE CodeGear 1Z1& OpenCL [13]/CUDA [14] (Z31F % kernel H & F 5, kernel &
¥ GPU TEFINSEHDOILTHYH, GPU LORAEVIZFHEINZT — XFITH L
TWHNZFETE NS, @E GPU TT — X DU Z 17745 551

o T—REALVAEY NS GPU D AT Y ~Niigk

o HRIEHE T % [FIH CHERR

e kernel &EH) (GPU X €Y ED T —&IZxF U TSI ILER)

o JLIHHE T % [AIH CHERR

o SIEFMRTH BT —X% GPU DRAEY DS AL VAT AHLX
o HRIEHE T % A CHERR

EWVWSFIEPMBETH D, 2=V L -\ T — X DN EREZEHR LS T
TIIVITBERBREDNRD D, GearsOS Tld CPU/GPU TOMHAE X XEFH L LTa—¥
PHERTZEIZLD, CodeGear D3FEFT XD T /81 A% DataGear DALIEZ BT 5
WNHED IR T B,

GearsOS TH|fH T 5 Meta DataGear IZIZLLFDE DA EEF NS,

e DataGear ORI[EH
e DataGear Z1&iNd 5 A E Y DIER
e CodeGear D% HiE CodeGear DERKRA v & & DOXInEk

e CodeGear &M T 5% DataGear ~NDKRA >~ &

EBEED GearsOS IZBIT 2 ATV EMZEL A XFHEHD Meta DataGear D& #H %
DA N 23129, Meta DataGear 1 Context & WO HZETOMERTERZ I N T WS,
HWE L)L D DataGear BFEEARTER SN TWVWAB D, A XFHFEM M S5 /72 DataGear 1
TNTNOMEROILAKE > TED, —FRIZKZ 5,
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) Z b 2.3: GearsOS 1281 % Meta DataGear D %€ F

/* Context definition */

#define ALLOCATE_SIZE 1024

enum Code {

Codel,
Code2,
Allocator,

};

enum UniqueData {
Allocate,
Tree,

};

struct Context {
int codelNum;
__code (**code) (struct Context *);
void* heap_start;
void* heap;
long dataSize;
int datalNum;
union Data **data;

};

union Data {
struct Tree {
union Data* root;
union Data* current;
union Data* prev;
int result;
} tree;
struct Node {
int key;
int value;
enum Color {
Red,
Black,
} color;
union Datax left;
union Data* right;
} node;
struct Allocate {
long size;
enum Code next;
} allocate;

};

DAN 23DV —A3—RIFLLTFO XS ZaLTW5,

e DataGear DHIIEH
DataGear (F#5EkZ HWTERT D (Y A b 2.3 27-4617), Tree X Node,

A XFHE % H W2 Continuation based C DMREETFIE
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BRERRZF R FBe AL X (B 1) % 2% Continuation based C

cate FEERDY DataGear (ZFY4 3 5, X ZFHHEIIEED DataGear #5720 4ET
®D DataGear ZR 2 2B EDH 5, £ TD DataGear DILFAKEZEET 5 Z & T,
DataGear % —fFIZHD T LW TE S (Y A b 2.326-4717), AT 2HEHRT 254
2 Z ORGP ST X2 PET B,

e DataGear Z &3 5 A €V DIEH

AT ) JHEB OB, HENIZHEEE R L 7%, BEIZLO U TEOMHEEZE D 24T
52 THEBETS, TD7=HIZ Context 1FE] D Y THADFEI heap &, #HD YT
7= DataGear D dataNum % fiD,

e CodeGear D4 i & CodeGear DEEAKR A > & L OXtInE

CodeGear D%£4Hj & CodeGear DEHEHA A > X DX el enum &A1 > XIZ
Lo THHAINTWVWS, CodeGear DHHTIE enum (Y A b 2.3 5-997) TEHES 4,
AV NRANVBIZITBEANEBEINS, Tus 5 LR THHT % CodeGear X
code 7 4 =)V RIZIEMEINTE D, enum ZHWTT 7 AT 5, ZOxNKES
PINZEET B Z 2T, BRIV —F i Y2 EBHT 52 ENARIZR S,

e CodeGear D’2HE T % DataGear ~D KA &

Meta CodeGear (& Context % B|#BUZHL% CodeGear & UTERINT WS, TD
72, Meta CodeGear % DataGear Dffi% {5 £1Z 1% Context 5 DataGear %
oI BnEZrds, WO HTHBENRD S DataGear 1 enum ZHWTEEL (Y
A b 2.3 11-1417). CodeGear %179 HBRIZ data 7+ =)L K HHUD Y,

Meta CodeGear |35 FE X 172 Meta DataGear Z W3 % CodeGear TH D, AEVY
EHPMFLEOREL HhHE L W0 72 UBIE Z D A X L AUz UL RNZR,

GearsOS IZB W TR EME D A XFFHE L U TEBEHINTWSE, H B CodeGear H*
HIXD CodeGear ~ & #EE M9 5 FRIZIE, IRITFETI NS CodeGear DHHTZFRE T
%, TD#HT% Meta CodeGear DML, XIid 5 CodeGear ~ & JLEE % 5] Z 3 (Y
A b 2.4 D meta),

YA 2.4: @D CodeSegment D& ki

3%}

__code meta(struct Context* context, enum Code next) {
goto (context->code[next]) (context);

CodeGear & ZHTDMEIE Meta DataGear (ZAERIEI N TE D, KD OS D Process
% Thread IZM2 9 %5, AEIOXIGEZBINZEIDEZX 7D Thread TEIZHIOEZX 2 Z
LIZED BELAAVD TS T L EEFETHEITE EEETE S, ZHIEERD 0S ©
Dynamic Loading Libary ¥ Command OF’E-OH UIZAY T 5,

A XFHE % H W2 Continuation based C DMREETFIE 9
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BRERRZF R FBe AL X (B 1) % 2% Continuation based C

Tz, BELAND CodeGear %5 Meta DataGear Z#ETETCULE S &, 2 —¥N
AZVARVEEZHBIZERTETLEW, AXFREEZDHML BRI ES R>TLUE
2, Iz 7Z0DIZ, CodeGear %479 HBXIX Meta DataGear 7 o 2272 DataGear
I ZEET, TDXSIZ. Meta DataGear 75 DataGear ZHU D H 9™ Meta CodeGear
% stub &ML, stub OHfiZE ) X b 2.51TmRT,

YA B 2.5 GearsOS (2817 % stub Meta CodeSegment

__code put(struct Context* context,
struct Treex tree,
struct Nodex root,
struct Allocate* allocate)

/x FEFED— FITEK */

__code put_stub(struct Context* context)

goto put(context,
&context—->data[Tree] —>tree,
context->data[Tree] ->tree.root,
&context—->data[Allocate]->allocate);

stub ¥ Context A3FD DataGear DK~ > X data (2L T enum ZHWTT 7 & A
LTWd, &8, BIEIEARVARVOFEE 7 —< )V LAV D 4L T > o581 I3
A—=HFLTWaRW2, 51802 Meta DataGear T 5 Context D3EI N TWB M, Ak
WX/ =<V LRV TIET ZE2ATERN,

F72. GearsOS IZBIF B A ZEHFE L LT CodeGear DETIVIREDH 5, @H L X)L
D CodeGear 2ZEHT 5 7L, ZTOMEKEMIETEH5ELDTH S, fll %D CodeGear
DM ZMIET A5 Z 212k, XOEHEEOESWOS ZHIET,

A XFHE % H W2 Continuation based C DMREETFIE 10




3% AXFHBE T A 77V akasha 128
I} % MREE

% 2 B TIX Continuation based C SFEDHEE & . CbC TiEid T N7z GearsOS IZ2DWT
ARz, GearsOS OE DX XEHE L LT, ETNVKMENZL Y 72 —F T CodeGear DAt
bk Z MGEE L TWL,

3.1 ETFIME

ETNVRELE. V7 bV 27 ORTOREBIZE WD I N5 28T 5B
DTHD, TOETIVREZITHRIV 7 MY 27 2ETIVIRESR EIESR, ETIVITHRE
R, RO ER L ZTDOMEENTE S, AT, EEZHZIBRWGEEIIEZY 70T
MED XD IRIRETH o 12 bl %2R T,

T IVRELRIZIE Spin [1] ¥ CBMC [3] 2 EWMEET 5,

Spin 1% Promela & IMEENB SFETET N E2Gd U, ZOHIHwIEA L U TRk % Fdik
T 5, awERIL assert TETIONERIZHDIA ., WHNIZFETL THZ DOHREL -
INBEDEF YT 5, £72, Promela Ttk EINZET LS CESiExERKT S Z
EMTESD, LU, Promela TR EIN/ZETIIVIEILD C SEEE 1I0 7 B B
ZLTEH, 2—¥hiddd 28 &,

ZZT, ETNVEMEANCGERETICEEZDOEDEMRET ST 70 —F b5, #Hlx
TET VAR CBMC 13 C 5% BEEMEETE 5, CBMC TH kGBI A Tl X
N, assert LAlAGDLE S, C SEEOETITEFEDETLIIRE LD, LFEITEWVWIE
TEITIND, Tu7 7L EOERFFHSE UTUHEIN, a < b Vo725 fRT kD
DILIT DN D72 6, T DRMZ R DIGE DR, KW Ea ORI, L 20L T
W< DTH 5,

GearsOS (2B 2 ETNMMEN LT 70 —F I CBMC DX D ICERESHEEZTDOE M
FECEBHEDIZU720, TD7DIT, assert ZRH U 2O EFR L, TOMRAE, BELS
Ml ZRET LR ARGHARTEE TS, ZOAXGFEEAXREFET A7) akasha
& LTHEEL,

A XFHE % H W2 Continuation based C DMREETFIE 11



FiERoR A B R R (1B 1) H3% ARIETAT T akasha 125 BHAE

3.2 GearsOS (28T B IERIEREAR

BURD GearsOS IZFHEIEINTWB A XGHHE & U T, IEIERERIGFIET 5, JEMIE
HERKII—VVR TR 2RETIRICHHATEIZ L 2HELTWE, AXFHBEELLTE
F#THILT, /)=~ LRURSIIRDONT v AEEEETARNDEIEVITRZ B,

EB\%%ﬁt@:ﬁ%%ﬁ@—@?%b\ﬁ@ﬂiyx%mék®®%%tbf%

R PEROBEZRF>TWVWS
63\}“‘??7&0)*# iu?‘t%é

o EDFHDMEITHDMEL /NI W
o HDFHDMEITHDMEEL D KE W

Mz T, HRERPEOBALWLREMEIILTFTDOEDTH B,

o %/ — NiZFEMrROMERD,

o L— N/ —FDOBIZETH B,

o /) —FNDOBIIRTH S,

o i/ —NF2DDHR/—FE2TFLUTHRD (Lo TH/ — KAH< Z &iEfEWN),

o L—MNOER N/ — FRADORKIZEFNDIE ) — FORFIEDR L/ —RTH
—ETHh5b,

Bl %2 BRI ORBEROFIZH 3.1I1ZRT, FFIORINTWEED, L—F/—FK
H%T%D\%/—F@EﬁbfwﬁwoMKT%%T&/—FA®ﬁ%K§iM6%

— FOEEIEET2TH 5,

fgﬁ@ﬁ’)%ﬁ:%mb\ S ZBDIE5, TRZIV— D26 72BRICERS BEWRKIT &
HEHEVREOE 2 fHIZNE S| EEER D, ZOSWRZIT TR Z 2w &
WIHEME V= IS FUADREOR ) — NZEDHE M/ —RKTHERUL] THD
ZeoEITS, BARKIZIE, REREIEZ TROADRE ] TH O, mEREIT THE R
DERHICH SR b, ZO5&M2EVWEXHEZMAREE U, BRIFLTWL,
GearsOS TEEINTVWARERIIFHZIEMIERERTH D, —EHEEL - REE X
WX NABEZ L IZH UL WAEPNER I NS, JEEOME 2 M5 LB EHE LT,

A XFHE % H W2 Continuation based C DMREETFIE 12
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X 3.1: FREARDH]

Wi FEFTRED T — X DRAFEN D 5, FHUFREARZT Y 7T ITHFICER L Z5E, / —
R OMIFETIHIMKFZ L0, BHELEZDT S, LML, By 727 o TEFGLEZGE
R ARICHT 2L ELERKEL., 2RONMFIENR TS, ZOREIZN L
GearsOS TlE, &AL v NI 2477 5 BRIZIZIEBIEO R Z RIS 5 Z & TliFEZIX
e, HOEFDFETIROARET IV I RBECEESHZ 52 & Tiith & [\l
%, BARPNZIIROBIEZITIR 572881V — b D /) — RZ5GIZ CAS TEEHZ, KL
2RI ARZ FEAAAE L TUELZ FHE TS 5, CAS(Check and Set) &1, 7 h I v I
E2ESHALSBETH . FOSBRITERATOME L EHBOMEZIE T, CAS TEI N
BEHETOMA, REFEL TV AL L THNITE A L TWIRW D ITEDEH IR L,
B0 68 3MIIEESAAD D 722 L 2 RTOITMOEH VRN T 28(EOZ LT
bH5,

FEMIRAR AR DFEIE D EARWRHEIG X, ZH U2\ — FADIL— b J — K55 O
ERTHEHEL, ZEBIHZV—N ) —RETH5ILTHS, ZORRICEEINTWVA
W IEEERTOREIEGT S (K3.2), ZHE—EREINZAREG BRI NV
WO IEIEOME 2 W2 A ) HHRORELTH 5,

CbC ZHWTHREAZ TR T HEOMEL LT, BEEOIECHULAR Y 7 B FIEL R
WZEDH B, CITHIT2EETIIBEBOFRIFCE UIZ K > TRAWS A, ZNd 772
Z7E\0, R ZRID 72D,/ — FIZEADOZR 2 {72850, ffAXHIFROBRIZW -
R AT DMEND D, / — RBBADOSIE % FDIEMIEAR G I3 L@ » oA
PTRZIRNT-, R E R T 2 AEEZME S, BEEOFRICTIEAZ Yy Z72HW, A&y
27 1% Meta DataSegment (Zf£FFd 5,

TREARZ AT 5 DataSegment & Meta DataSegment DEFHEZ Y A b 3.1 1R, &
EOFRIZHWS A X v 71X Meta DataSegment T#H 5 Context NERD node_stack T
» 5, DataSegment 1Z5 / — NIFHZ D Node fi&Ak &, REARZIEMNT 5 Tree HiiE

A XFHE % H W2 Continuation based C DMREETFIE 13
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fRER DAEIE REROAEIE

‘ U SABEZMERL

/—R6zA& LTEM

X 3.2: JEMEIRBAR DL

K, AT ETEEFT O~ K2 KIS % Traverse LKL EDH 5,

YA b 3.1: REARD DataSegment & Meta DataSegment

// DataSegments for Red-Black Tree
union Data {

© 00 O U W N~

W W W W W NDNDDNINDINNDNNINLNWHE = H 22
W= O © 00 T kW FE O OO0 O otk W= O

struct Comparable { // interface
enum Code compare;
union Datax data;

} compare;

struct Count {
enum Code next;
long 1i;

} count;

struct Tree {
enum Code next;
struct Node* root;
struct Node*x current;
struct Node*x deleted;
int result;

} tree;

struct Node {
// need to tree
enum Code next;
int key; // comparable data segment
int value;
struct Nodex left;
struct Nodex right;
// need to balancing
enum Color {

Red,
Black,

} color;

} node;

struct Allocate {
enum Code next;
long size;

} allocate;

A XFHE % H W2 Continuation based C DMREETFIE
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FER KRR R () H3E XAFHETA TS akasha (25 3T

// Meta DataSegment
struct Context {
enum Code next;
int codelNum;
__code (**xcode) (struct Contextx*);
void* heapStart;
void* heap;
long heapLimit;
int dataNum;
stack_ptr code_stack;
stack_ptr node_stack;
union Data **data;

};

Meta DataSegment % #JH#i{t-9~% Meta CodeSegment initLLRBContext % ) A k 3.21Z
RY, ZOD Meta CodeSegment TlE A €V FHIEDOMER, CodeSegment % & CodeSegment
DFERDIERDIER R E 2725, ATV HRIE T 0T LADOREERZ—EBDAEY
ZHER L. B —7 & LT heap 7 4 —)L FIZfRKTE 5, CodeSegment £ & CodeSegment
DFERE DXL, enum THREFE S N7z CodeSegment £ DIRT N & CodeSegment DR
BRA VR EMRATEILITL0ED, HlZIEX Put DFERIL put_stub TH S, fHiZH
DataSegment O#HL (U A b 3.2 34-48) & 2 X v 7 DAL (V A b 3.2 50-51) 247725,

DA b 3.2: FREARD Meta DataSegment DFJHAILZ 17725 Meta CodeSegment

__code initLLRBContext(struct Context* context, int num) {
context->heapLimit = sizeof (union Data)*ALLOCATE_SIZE;
context->code = malloc(sizeof (__code*)*ALLOCATE_SIZE) ;
context->data = malloc(sizeof (union Datax)*ALLOCATE_SIZE);
context->heapStart = malloc(context->heapLimit);

context->codeNum = Exit;

context->code [Replace]
context->code[Insert]
context->code [Rotatel] rotatelLeft_stub;
context->code [RotateR] rotateRight_stub;
context->code[InsertCasel] = insertl_stub;
context->code[InsertCase?2] insert2_stub;
context->code[InsertCase3] insert3_stub;

replaceNode_stub;
insertNode_stub;

context->code[Codel] = codel_stub;
context->code[Code?2] = code2_stub;
context->code[Code3] = code3_stub;
context->code[Code4] = code4;
context—->code[Codeb5] = code5;
context—->code[Find] = find;
context—->code[Not_find] = not_find;
context->code [Code6] = codeb;
context->code [Put] = put_stub;

A XFHE % H W2 Continuation based C DMREETFIE 15
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context->code[InsertCase4]
context->code[InsertCase4d_1]
context->code[InsertCase4d_2]
context->code[InsertCase5] insert5_stub;
context—->code[StackClear] stackClear_stub;
context->code[Exit] = exit_code;

insert4_stub;
insert4_1_stub;
insert4_2_stub;

context->heap = context->heapStart;

context->datal[Allocate] = context->heap;
context->heap += sizeof(struct Allocate);

context->data[Tree] = context->heap;
context->heap += sizeof(struct Tree);

context->data[Node] = context->heap;
context->heap += sizeof (struct Node);

context->dataNum = Node;

struct Treex tree = &context->datal[Tree] ->tree;
tree->root = 0;

tree->current
tree->deleted

0;
0;

stack_init(sizeof (struct Nodex), 100);
stack_init(sizeof (enum Code), 100);

context->node_stack
context->code_stack

EEROBRBEROEREIZHN SN T WS Meta CodeSegment D—l%Z Y A + 3.31Z/1R7,
Meta CodeSegment insertCase2 (FHE % i A L7255 IZEIXN 5 Meta CodeSegment
D—=DTHH, B/ —FOEIZIoTUEELER S, £T. EHERT 27-DICRKEKE
FRLUTVWRAR Y IO BOEHREZID 13, BOG»ERS ITWHZHKT L, XD
CodeSegment ~ & g #kfEd 5 (U A b 3.3 5-8), BIOTMNRTHE%256I1XE o IT0H%E
%17 U T InsertCase3 N W EMGET 5, Z I T, REERZHHTE72DIZAX Y 7
EEEBERAL T OBREMGE 21T > TV, B, Meta CodeSegment TH Context
h* & DataSegment % BRI 5 MWHLI stub IZ & > TiTRbN B (U A b 3.3 14-16),

YA 3.3 RERDFEEIZHWSNT WS Meta CodeSegment 4l

__code insertCase2(struct Context* context, struct Nodex current) {
struct Node* parent;
stack_pop(context->node_stack, &parent);

if (parent->color == Black) {
stack_pop(context->code_stack, &context->next);
goto meta(context, context->next);

}

stack_push(context->node_stack, &parent);
goto meta(context, InsertCase3);

A XFHE % H W2 Continuation based C DMREETFIE 16
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BRER KRB AL (B ) H3E AXRFET A 77 akasha (ZHF DMRGE

goto insertCase2(context, context->data[Tree]->tree.current);

14 | __code insert2_stub(struct Context* context) { \
|

3.3 XAXEHBE T A 77 akasha ZHWI=HRERKDERZLZLD
MG

HREARDHEDERE L T OMER%Z CbC T > TWL, HRRIZIZRBEAROR A G
EIlZE 2TV ONRDEDNREZ NG, HRERKIIHTLEMEDMLRE, ZDEMEIZX -
THRIFEINDEREFRBERODIREZRTEUTFDOLS TS,

o ALZT—RIIBRTESLZ L
o HIFRL 72T —RIFBWTELVWI &
o MMZFHHUBRITEHRINENZHINDE I L
o BERITIRSTBOREINT VAL TWE I L
SENENT AT AR T 5, BIEZFHAICREL, £ X5 RIHFE TER
EFRALTHERDNT VAT H L 2MGEET 5, BEEICIEYUFIEETHFEL TV A XG
W74 77V akasha Z 5,
akasha TIERRIZFEITE D DR E CbC DFEMARNE UTEET 5, BARIIZIZ Meta
CodeSegment (ZEF U 7z assert DMERRIZH YT 5, (LEkOflE LT TRZL— 05

U5 72 BRI b BRI R S VR OB 4 25T E S L WO REEET S () A
h 3.4),

UA S 3.4: ROE X2 2 AkEdid

void verifySpecification(struct Context* context, struct Treex tree) {
assert (! (maxHeight (tree->root, 1) > 2*minHeight (tree->root, 1)));
return meta(context, Enumeratelnputs);

}

DA D34 CERZLMRDS TS LOFFOETORBIZED O 2R 5, &
Tz B SETZ WG E IR K T B4R B2 il & U TR T 5,

F3IdmD PMAMEEE U CEREREARICEE L, TOMAIEEZHZ EIF 5, &)
2, BREEDNR & 0 B REARE . MEEIZAE R DataSegment % &4 Meta DataSegment
ZEHRT D (VAD35), TNH akasha DL X)L THRIHT 5 Meta DataSegment Tdd 2,

A XFHE % H W2 Continuation based C DMREETFIE 17




FER KRR R () H3E XAFHETA TS akasha (25 3T

HREREBRIFIZ—TFDNS/ZEE AR VRNVEFETH BH, SHIEZDOEEDOKGET 57~
O, HREAN ) —< I X)L ehb, Lo Takasha IFXA XA XL X)VDEEEEEZ S
N5 (K 3.3),

¥ 3.3: akasha & X X O & E

akasha 73 5 DataSegment (£ 7 — X O ANHZ A L2 72213 # 5 Bk Y X b
Iterator & ZMDHE IterElem, MGEIZ(E S HH % £FF 9 5 Akashalnfo, K% 7LF B
IZ{f 5 AkashaNode 7°H %,

YA b 3.5 MEEZ1T78 5 728 D Meta DataSegment

// Data Segment

union Data {

| struct Tree { /* ... REARDOEZ LA */ } tree;
struct Node { /* ... REARDEZEELFH */ } node;

/*x for verification */
struct IterElem {
unsigned int val;

© 00N O Uk W N
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struct IterElem* next;
} iterElem;
struct Iterator {
struct Treex tree;
struct Iterator* previousDepth;
struct IterElem* head;
struct IterElem* last;
unsigned int iteratedValue;
unsigned long iteratedPointDatalNum;
voidx* iteratedPointHeap;
} iterator;
struct AkashaInfo {
unsigned int minHeight;
unsigned int maxHeight;
struct AkashaNode* akashaNode;
} akashalnfo;
struct AkashaNode {
unsigned int height;
struct Nodex node;
struct AkashaNodex* nextAkashaNode;

A XFHE % H W2 Continuation based C DMREETFIE
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} akashaNode;
};

FEANERE DA EFITIFERRY A N Z2HWZRSBREREH WS, BHICHREET 5
BRERTROERY A MEZERL. RICHAULZEREZRE LD SERY A 2 EHL
TV, BRYANDPEIZR P AGLEEZ —DHBUKATREBE L5, FI1%
UM R 722, BIOES OERY A M &L TY X SOAEHHEED D Z L TRLSMAL
LEEIFET 5,

ERRIZIFARDEEIREENL DT, &I ZHIFT 5 Meta CodeSegment DAHE L 725,
UA B 3.6IZARDEEMNREIEOE X 2G5 Meta CodeSegment % /R9

AREWBIZHD AR Y 7IZHHY4 T 5 AkshaNode # W TRIEZMREFL DD, &I &2 H
BLTWB, ARy IPETHNIEETD /) — R2fER L 7D TIRD CodeSegment &
BEMG 2T, BTRITINIESU->TWSE ) — RDETHE1HERL, EL oG
ZHEHLUTIRD /) — R 2R -0 HI AN BEkG T 5, ETRTNEES 2 1P
LTELAD T2 ARy ZIZMA, HEANCERMEZITR S,

AR 3.6: KOEHENMPNREEDEZ 2T 5 Meta CodeSegment

[N
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__code getMinHeight_stub(struct Context* context) {
goto getMinHeight (context, &context->data[Allocate]->allocate, &
context->data[AkashaInfo] ->akashalnfo);

}
__code getMinHeight(struct Context* context, struct Allocatex allocate,
struct Akashalnfo* akashalnfo) {
const struct AkashaNodex akashaNode = akashalnfo->akashaNode;
if (akashaNode == NULL) {
allocate->size = sizeof (struct AkashaNode);

allocator(context) ;
akashalInfo->akashaNode = (struct AkashaNodex*)context->datal
context->dataNum] ;

1 .

akashalnfo->akashaNode->height ;
context->data[Tree] ->tree.root;

akashaInfo->akashaNode->node

goto getMaxHeight_stub(context);

const struct Nodex node = akashalnfo->akashaNode->node;
if (node->left == NULL && node->right == NULL) {
if (akashalInfo->minHeight > akashaNode->height) {
akashaInfo->minHeight = akashaNode->height;
akashaInfo->akashaNode = akashaNode->nextAkashaNode;
goto getMinHeight_stub(context) ;

}

akashaInfo->akashaNode = akashalInfo->akashaNode->nextAkashaNode;
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if (node->left != NULL) {
allocate->size = sizeof (struct AkashaNode);
allocator(context);
struct AkashaNodex left = (struct AkashaNodex*)context->datal
context->dataNum] ;

left->height akashaNode->height+1;

left->node = node->left;
left->nextAkashaNode = akashaInfo->akashaNode;
akashalInfo->akashaNode = left;

}

if (node->right != NULL) {
allocate->size = sizeof (struct AkashaNode);
allocator(context) ;
struct AkashaNode* right = (struct AkashaNode*)context->datal

context->datalNum] ;
right->height
right->node
right->nextAkashaNode
akashaInfo->akashalNode

akashaNode->height+1;
node->right;
akashaInfo->akashaNode;
right;

b

goto getMinHeight_stub(context);

FARRICEDEVWE I ZEEL, ERTHZ Y AN 340 assert Zfi ADEIZHEITT 5,
assert 1% CodeSegment DFEEZIT/RI A XGFHHAETH S meta 2 LEEESTHI LITLD
BT 5D, 1 A=Y UTIk FA%ZITH D Meta CodeSegment ZFIfHT 5 7107 F A
(4 3.4) DBRHIZHMEEHD A XGHHRZHRE Z L TEBTE 5 (M 3.5),

****************************

3.4: put ZFHT 270 s I A

meta (Y A b 3.3 D insertCase2 D & 5 I[TEHEEMEZ 1772 5 BRIZ CodeSegment 44 &
DataSegment Zf8 €T 5EHDTH D, MAEZ TR DRWVETE D meta DFEHIE CodeSeg-
ment %0 5 X nT D FERNDOEEMGETH o7z (VA B 3.7),

YA 3.7 @D CodeSegment D& ki

__code meta(struct Context* context, enum Code next) {
goto (context->code[next]) (context);
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FER KRR R () H3E XAFHETA TS akasha (25 3T

****************************

Lo Vo
CodeSegment DataSegment 3 3 ( put >—> CodeSegment
[

X 3.5: put ZFHTE7 07 LDA X% EEETS

Iz, BEEZITH D XD IZAEH T A5 Z & T insertCase2 & o 7R EADELED
I—RNZBIETEIERRIEZITRD 22X TE S, MiLZ21TR\WAD SR EMkGE T
% meta (ZVAF38DEIITERIND, EEEXDOMEEESD X PutAndGoToNextDepth D
BiziTRbh 720, EHE ﬁﬁéﬂfb@m Z D meta DT7R D DIFMEEHIZ A E Y
DEBTH S, REOBA BT 2172 IBITIREBZRT L2 0, JOIREBIZE 3B AT
mbhbivsd, ZDARGHEZHAWZEET i BEE13MH F TOEEDIETHA DB
PRDiG 723 N5 Z L 2 MR TE 7z, £/, REROUHEPNERIZ KRR N7 2B MU 72 B
AT 2R U 72,

DA 3.8 MEEZ1T72 5 CodeSegment ik

code meta(struct Context* context, enum Code next) {
struct Iterator* iter = &context->datal[lter]->iterator;

switch (context->prev) {
case GoToPreviousDepth:
if (iter->iteratedPointDataNum == 0) break;
if (iter->iteratedPointHeap == NULL) break;

unsigned int diff =(unsigned long)context->heap - (unsigned
long)iter->iteratedPointHeap;

memset (iter->iteratedPointHeap, 0, diff);

context->dataNum = iter->iteratedPointDataNum;

context->heap iter->iteratedPointHeap;

break;

default:
break;

}
switch (next) {
case PutAndGoToNextDepth: // with assert check

if (context->prev == GoToPreviousDepth) break;
if (iter->previousDepth == NULL) break;
iter->previousDepth->iteratedPointDataNum = context->datalNum;
iter->previousDepth->iteratedPointHeap = context->heap;
break;

default:
break;
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26 }

27

28 context->prev = next,

29 | goto (context->code[next]) (context);
30 | }

3.4 ETILHEZR CBMC & DHg

akasha DK S L LT, CEEOARETNF v 1 CBMC [3] 2V THREAZ
MEEL 7z, CBMC i ANSI-C 23l 5T L, (LRROEBE L 40D X S REFTNX— VDM
WO ERRGEET 5V — IV TH B,

D712 A UHRBERDY = A 3= RE2HWEZWA, CbC DIFEITEEIZIZ C
CNTERBRDIDITEMENETH B, BARIIIE
IZEHT D T & TR C SEEICATE 5,

CBMC 128 1F B2 Lk bool 28T & U Ttk T 5728, akasha & [AERDLRE FE
DRHATES (VAN 39, assert 2 true 12785 & 5 WHET/XX— 2% CBMC 23 HEAfHT
e, TOFEGIGNX=URRHIELTHIEINS,

_code % void IZ, goto %Z return

) 2~ 3.9: CBMC 12817 5 ikl

void verifySpecification(struct Context* context,
struct Treex tree) {
assert (! (maxHeight (tree->root, 1) >
2*minHeight (tree->root, 1)));
return meta(context, EnumerateInputs);

S T W N =

}

i ANEDE A BT 1213 CBMC OHREICAFAE S 5 IEREHI 724 nondet_int () & M\ 7z
(VA b 3.10), ZD nondet_int() BIEIL int DFFH 5 BIEDN M 5 FEPE I AE % HUS
THMEBTH S, akasha TIIARDERMED DIAGDOEEZHWTHAIEDOEZ LiF &
U7z, CBMC TIRERBE D71 TV X AREE AN EE 2 THA BT LT3,

)2k 3.10: CBMC lZz81F A2 AJEOBZ T

void enumeratelnputs(struct Context* context,
struct Node* node) {
if (context->loopCount > LIMIT_OF_VERIFICATION_SIZE) {
return meta(context, Exit);
+

node->key nondet_int () ;
node->value node->key;
context->next = VerifySpecification;

context->loopCount++;

= O © 00 N O Ul kW N

—
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12 | return meta(context, Put); \

13‘} ‘

CBMC TIFARDA Ty 7872 C SFEZFSET L. T OHPHN THARD Rz S
LN EMERT 5, DR BELREIIEBHEINTEITINS, HAKIZIZAEY
DOHFTROEHAZITRD ZLNTE 20, SEOFREROMGETIX411 B TRIEFT S Z
EWRTE, ZD411ED S5 DEFFTNATIEREROMARRIZE IS NS, LarL,
Z DRI N EBUIFA S N2 B ISR TH D, EREDREMLT 2 Z MR T
D HER T E N, B, FREARICEEWRNZ ZEMU 2B AR K H1IXE S h
3. CBMC T X 2HANTIIRBAROMEIIMALTE d o7z,

& o T, CBMC TIIMREET & 72 WHiH DOMGEE % akasha TR A5 Z & DR T E 7=,
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FAE TLAREREMI AT A

3 ETIX CbC DETIVIREMMEEY 7ua—F & LT, akasha 2 W= GRDOEZKOFF
AREDHRROMGEZ 772572, LU, BRI 13D OFFAZMGEEL THREARDOHFA
MBITNTVRATHERMELDIS W,

ZZ T, CbC DMEZIVEEIZERZEL, TOLETIHEHZITRS 2 2H 272, CbC
DIAT T LEHHTEBIZEBL, FEDOEBOFHEAIIT U TEEEPHRIETE 5 &
ST 5D TH B, FAEHZITROBHEL UTIHEH UL ZOMRRY AT LTH S,

4ETIFY 2T AOME Y ChC DY AT A% BET S, /-, M EFHW2E
BEDFEAAFIRIZ DOWTIE 5 =TT 5,

4.1 M AFLEIX

B 2ATFLEE, HETHHEZDETAZZ 2T TO S5 4035 5BOREN 217720
RNZ R REET DD HTH B [15] [16], H SOV L Z T 107 T LAhOFETA
ATREZR P, SREE U CREBR QAR EDNY TR E 5, HIAIX, gee X clang &\ o723
VA ZIFBABE BRI E S N2 5O L IE OV U R DA D T AS FL 7 2 IRp 12 4
g, ZOZEIIEBDZIT DO 2HPADADHEE TO IR EL T L -850
WAINCE, MAT, Bz ERT 2MEZ T 2EOHFHZ RE T & 2 720N
ER DML % Bk L X g7\,

RIS AT LTITRADZCIZIIATD L S OWBEET 5,

o LT —DiH

SCFHIHE ET RS BEBICER AL CLE 5720, HHERGAEN T CEREMN %
RESHmE, TR IXDORERDPEOLELS L LTEND,

o fIZAL

BUE KRB 70 275 KOOSO BAIZE 705, HIZIXRED T — X HEITdd %
WA EY 2 =L, Ny T =YV 735 LNTE S,

e RF¥aXy itk
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B EY 2a— VO AHRTAZ LIz, s S L0OMBEOITIZRS, £
7z, BZa VXA IMREFIND-CITREI NS 20, HIZERFTDOIEL WEHRZ
Rt %,

o BREOEARNE

BIZIERA VR EBEERDODENVEIIAER ) T2 A 2HMEb L., T—X2HET 5
aJREME AR a7 I IR LWL S IZTE S,

I IES 3

ZH 26, BFHERICB I 2RO Y AT L id Fortran [17] 72 E12H 1) 5 FHK
EFEBOEMADKA o7z, BOBEANZXD, V—=APS T NAINRE D KiE
fbEh/za—-FE2ERTE S,

B 25 MZIE% K DEBVFMAET 5, BOKRBGES T IS B OMRFREL, fBoM 4 e
MEET 5, BT BRI S OB I AGFEEL, EORY AT L 2T S
NI EEDKFUKGFET S, HIZIE CEFECREEE X722 " HERT + ThETE 3
73, Haskell TIIMET 2 Z N TER, T Haskell 8 C E3EL 0 HEIE ALY 2
FTLAERHLTWADRSTH S, BRKIZIE Haskell 1RGN RIZ A2 X3. C S
FEIXSRE RS U CH RO BRI %2 K> T\ 5,

RVATLEEHETHI R TOTIIVIEENED LS LR ERON 2RO B Z
CIZHEN B,

4.2  HRY

BRI L IMEDRL L BB DO ATHER I NS AT LD e THDE, LHLHMHEITE
HHRIZET S, HIZIEY 7TV true 1 bool BUIZJET A L. 10 I int BUIZJET 5,

Tz, BBIMMEZE > TIEZ KT Z2 52 T 2R > CTHEZRTR] — %
Ffo, #l% EIF5 & int 20> T int 2K B {IL int — int BUZET 5, B AT A4
WZBWTHP BT INE D7 61X, B FrEDR 2 FFDEMAMIEH I b Z & 13K
W, iz EFB e, BEEE DY f(true) D &K DT bool BIDEAN LA I NS Z & 1ZHEW,

BB CHEBOGI M RIS 5 Z &3 TBB 2R TREKI) 25 A5 L TEHATE
%, HlZIE int & bool ZH{> T string ZiK 3 Al int — bool — string BIZJET 5,
— IFAREETH Y, int — bool — string 1% int — (bool — string) & Fd,
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BRER KRB AL (B ) BAaA® TLARFHREEMI AT A

4.3 L a—R#

T =R ENIIL K OFBELFAET S, T—PDEBTRERI L KT 572D S5ED
FABRLTCWAEIZ ) I 574 TRIZIERZ 21295, C EFEIZBIFE T 2540 TRIC
% int ¥ char & W 7282 H 5,

SEEIZIETY I T4 THRIDAMNZE, A —PDEBATRERINELET B, B2 IXHEE
HRIFEBDOMEZ RO LS RMEZIOES K5 B TH B, T 2 THEERIZT LT MFEER
B enwS =208 E2MR LGS, BROMEEROKHNTE 0% s5, LoT, MHid
I A2 57225 TAIZREIZKESTWED0] 2HATWS LI BRTRL TS
AN

ZIZTLa—RBEWHSHZEAT S, La— FRISEBORZ L2 58THD, N
HIZR > TWAEIZIZ A== 7 BRAFDR T XL & L TRHWT WS, FlZIX [Tnt DEH x
EInt DE y #F2Va— 8] & {z: Int,y: Bool} DX S IZildk 35, CIZHBIT5B
MEEARTIZY AN 41120V — 23— RIZHInd 5,

DZKNA41: ClzBlTaLa— RNHTHAREEIADES

struct Point {
int x;
int y;

};

La— RRIDMEZREKT 2BRCIE, WEIZHNT 222 TCH5A5Z L THKTEZ 5,
SR OIE T =V FDOMEE {3 NEBIZ , KUIDTHZA B Z L CHEKZHKTE S
(VA 4.2),

AN 4.2: C SEDOMEARDOAIE

struct Point p = {100 , 200};

LVa—FR»SHEZED HTEICIE I VeV 2T 5, C SiETIN
ERDRIZ . F—T = RENFRIZTINVHZIEET .
IV THEERIZN S 2N AT E 7,

4.4 HoRAFT

La—R2HWE e TEBODEEZ —DDEL LT O TR ZLATES, L
U, BBHDBIBIZL - RZ2WA 56, TORMEERII I EIHENH D, HlXIX
{z : Int} ZRIBUTENAEAEIZH U T {z : Int,y : Bool} £\">7-fli%Z#EHT 5 LM T
ERV, LU, EREMICIEBEBOERIET « =V N o DL Int 2RO Z L DATH D,
ZDWMAZDAEHT B L {x: Nat,y : Bool} HERKIZIh>TW\W5,
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ZZT, MR WS HIAEAT B, HoRIE B & S RIGEDEZZHT X 5 IR
JZEREDEIETHD, DO S ZRDMED, B T OEPFI NS XARIZBWTL
BIZMATESZ L E2RT, ZOKE, S %2 T OEORIEIFY, S<: T &EL, 2k
B SHWITEDHEREZLLSFHF>TWAEILEZRLTED, SIEITOEHAETHS, &
i, S<:T ORDEAFEL LT, BT IR S OEMNITHS, 2\ iiAFEEE
ER

EIZBEHT 2L TeHDT—2RT E0H SDHEBEF> TWBERN L VRS, S
T L UTIRAFES-THRV] LERTE S, 71—V FDELWAEPBSIL L 705 DI
ZRNIRT B EDICBZ B, Ll 74—V ERZWEEHINREL LR, RIZeD
TELEEOHFIINI KRS, EEDKESITRBEWHNI T 4 =V DLW HEHBNZ
WDTH D,

Fro, FROBMTIZHLT T < T THd, ZWE T IXT EUTIESAES>TERE W]
ZEeERLULTWADTHIHTH 5,

BB DM FIIL T DO LS IZEHETE 5,

T <: 5% Sy <2 T
Sl—>82 < Ty =T

i MKET, <28 & Sy <: Ty DI DINLDHE, S; — Sy < Ty — Ty DK DL |
., DM EIIFI DI LR D EDH S EUNZ DWW TIHRARTWS 72124 % HHMET
b5,

F9. FIBERDICIEET 5, EMNBIOBEBOSIBIE Ty TH D, 51U B0EIXHE
SRR T < S THD, ZE EABREAKOS IO L L->TED, KEW, %
ULCEPNBHDTDFI DL S, THDB, 2F0H, /NIWHL S 2H R 5 BEEIIK
SRS 2ZITOFS] EERS, BERIZIE T, DL I—FRZ2WSDO»Hl-oT S, £T
INELTHIERVWDOTH S (X 4.1),

Record T1
x:Int <:
y:int

Record S1
x:Int

T1H' ST OWAETHNIE (T OAHIEHRIZ W)

Recc?rd S1 CodeSegment Record X . Recc?rd T CodeSegment Record X
X :Int — < x:Int
S1->X v+ Int T1->X

S1 Z518 e LTHRAT 2RBTI 2RI 2103

X 4.1: R0 AR & 5 & DY
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BRER KRB AL (B ) HA4E

I LRFREBY AT L

RIE D RS ZIEH T 5, EAROBEBORYMEIX T, TH D, RMHEIZT BI0E
WS BIBEGR Sy <: T, TH D, Bl EHIZH>T WD, T EARIEIE D 5 H3 B
EROTHED, NZW, DFD, TKEWR S, 2 KIBEHIL, NSV T, 2R E
LTi>oTHERW] EWS 2 ThHhb, BEMIZIEIBESE S ODLa—FZHI->T T
LHECIZRDEFTNSLARZEICTHIERW (K 4.2),

Record X

Record S2
a: Bool
b : Bool

CodeSegment
X->82

Record T2
a: Bool

S2 HT2OIA B THNIL(S2DAMEHRHN % W)

Record S2
a: Bool
b : Bool

Record X

CodeSegment
X->T2

Record T2
a: Bool

S27% R BMIEIT2HRLTWS EEZTRW

4.2: For RO BRI &R Y fHD Y

4.5 ¥ fElE Continuation based C

5 8 % F\W T Conituation based C DY AT L2 EFEL TV,

9. DataSegment DRI ZE T 5, DataSegment FIRIL C DIEERIZ L > TERI
NTWBZD, LI—RFRREULTEZLILENTES, FIZIEY AN 35ITRLTWVWE
DataSegment O —2IZ{FEHT 5 (U A b 4.3),

J A b 4.3: akashaContext @ DataSegment Td % Akashalnfo

struct Akashalnfo {
unsigned int minHeight;
unsigned int maxHeight;
struct AkashaNode* akashalNode;
};

Z @ Akashalnfo (& {minHeight : unsigned int, mazx Height : unsigned int, akashaNode :
AkashaNodex} B %D, CodeSegment 1% DataSegment % 5IBUZHL S 728, DataSeg-
ment DXL CodeSegment 2WE KT 2 TKROHI 2 £ L DL DL F R 5,

RIZ Meta DataSegment (ZDWTHE X 5, Meta DataSegment 1371027 Z LMZHET 5
DataSegment OILFIKTH 57z, T % DataSegment DREEIRIZEFE T35, 259562
212X D, Meta DataSegment 17027 F AdZ B9 % DataSegment & 47 FFD728,
Meta DataSegment (F{T:3 D DataSegment DAL 725, & L < 1E% DataSegment D
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H
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1
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S
Xy

R E Y 2T

BTDT7 14— IVRZEGL LRI DOMERTHE R, F 6FIZHIF 5 Meta DataSegment
XZDLSIZEHRELTWVWD, 128, GearsOS Tl DataSegment DILHAKZ T 15 LT
BRI R OFRREIZ R > T WD,

BRM 7 CbC 1I2B1F % Meta DataSegment Td % Context (U A b 4.4) iZ, DataSeg-
ment DEEZEE U TH > TWA72OIZHH S 52 DataSegment & D $% < DIF#R%Z £ -
TW5,

YA K 4.4: CbC @ Meta DataSegment Td> % Context

struct Data { /* data segments as types */
struct Tree { /* ... %/ } tree;
struct Node { /* ... */ } node;
struct IterElem { /* ... */ } iterElem;
struct Iterator { /*x ... */ } iterator;
struct AkashalInfo { /* ... %/} akashaInfo;
struct AkashaNode { /* ... */} akashaNode;
}s;

struct Context { /* meta data segment as subtype */
/* ... fields for meta computations ... */
struct Data #*xdata; /* data segments */

};

MM UTERIDLEOSU NI BERL LD,

E 7% 4.1 Meta DataSegment D iE %

Meta DataSegment <: 7'H 2 J LA H1 DL D DataSegment

IRIZ CodeSegment DRIZDWTHE X B, CodeSegment I& DataSegment % DataSeg-
ment N & TEBALL T 5,

EF 4.2 CodeSegment D JE

DataSegment — DataSegment

% LT Meta CodeSegment I& Meta DataSegment % Meta DataSegment /& 9" BH%K
L78%,
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B4

I LRFREBY AT L

EF% 4.3 Meta CodeSegment D 5E

Meta DataSegment — Meta DataSegment

ZZTERMZIT =R (VAN 45) LHEBELTAS,

) AN 4.5: BRI CbC Iz B 1T 5 CodeSegment

__code getMinHeight_stub(struct Context* context) {
goto getMinHeight (context, &context->datal[Allocate]->allocate, &

context->data[AkashaInfo]->akashalInfo);
+

__code getMinHeight(struct Context* context, struct Allocatex allocate,

struct Akashalnfox akashalnfo) {
VA T
goto getMinHeight_stub(context) ;

CodeSegment getMinHeight | DataSegment Allocate & AkashalInfo % 5[#UZH > T
W5, BUIRIE Context HEERMKGD/ZDITIEL TWAH AR =< LU 51T 7 &
ATERWEZDIRENT WS T 5, ZDOHE, 5IEDEIX {allocate : Allocate, akashalnfo :
Akahsalnfo} &78%, £z, RO EIFHECHNTIZFIEL TWRWAS, @&k T I E
& Context TH%, &> T getMinHeight DAL {allocate : Allocate, akashalnfo :
Akahsalnfo} — Context 785, Context DHlIE Meta DataSegment 72D T, #4735
DEFE LY Context D LAIANDEENTE S (K 4.3),

,,,,,,,,,,,,,,,,,,,

allocate : Allocate
akahslnfo : Akashalnfo

,,,,,,,,,,,,,,,,,,,

Context |& DataSegment DEFAE R DT

[ommmmmmmmemmmmey
! i
' i
allocate : Allocate i i i ' allocate : Allocate
> etMinHeight .
akahslnfo : Akashalnfo Context i < akahsl
|
H |
'

nfo : Akashalnfo

. . allocate : Allocate
getMinHeight akahslnfo : Akashalnfo

Context %#3iR L CW3 getMinHeignt & DataSegment ZiRLTWZ EEXTHRW

4.3: CodeSegment D4 FUAf 1S

OB Z e UTERT 5 Z 2 & b, BEMkG LD AR TH KX E D Code-
Segment NEEH L THRV, 7077 ALIZ&> TXEBLIIHEE L TWE 72012850
AU T EARRZEDTERW, LU, XRFHERT A 7TV DBEBLEVRAE DL
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BlE—EHORE UTHEE L, TDHBRI VNS IR T v XA LRI EARR 8 2 810X
R,

F 72, stub OAIZIEHT 5 &, stub I& Context 75 B4R DataSegment X 2 HY D H
TEECHE L, HAROBEBDOLIBORED & 5 kW E T 5, MAT, BEikiid
BB X OFIFEAER % Context 2L TH 6 goto 5577 % B D Meta CodeSegment
EUTHHET 2L, HARDRDEDIRED & 5 BiRkFENEIT7725, TDXIIT /) —<I
L~V ®D CodeSegment DI E REIZA XFEZERHIT LI LITE>T/ —< LR
@ CodeSegment 2EIfFITTE 5, BT %4772 5 BRIZIE DataSegment DESH L L TD
Meta DataSegment 23T 50, HEARE L Ta v N NAIVRHIZAERKT 5 Z & T CbC
ARG Z 2R TE S,

B, AXEEIZHHT 5 Meta DataSegment & Meta DataSegment & [FIRRIZ TS 1F
T& %, Meta DataSegment OB RIZA Y 5 Meta Meta DataSegment % E# L TX
NIERW, ZZTHIEENDIEH B L N)LD CodeSegment 1&[A L X)L D DataSegment
ZEWTHIT NG, —D EOBEENS RS L. TORED DataSegment & L T—
HUTHADZLIZHD, TOEIITAXGEZBEREAT S I2LD, A XEHR TR
ENFHEICH LU THMD XA XFENESIHEHATE B,
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AEHH X R R Edh Agda IZ X St
JERENES

H
n
il

4 FTIE CbC 2B )5 CodeSegment & DataSegment DD FTEERETE S Z & %2R
U7z,

Y 25 L Curry-Howard [FBISTISIZ & 0 i & BUAF & 5 L XEHE D —XF — 12 /S
5, KM E WS B2 KOG RS EE Agda Z FHWTHIY X7 ATIEHM TR X
5L ERY,

5.1 IKFIMZFOIEXER S Agda

RIS AT LB HWTCEEZ1T72 5 2 e W TE 5 SFEIC Agda [4] DMFET 5, Agda iF
WL WS BRI AT LaFioT0d, KEMEFRBEE—HA TV T2
MY AT LTHY, RO 2 51 BUTHS B 2 B> TR %R 4 8L £ 23560R T
&5, ZOMITIE Agda ORI ZLHET 247785 [18] [19],

Agda 134 VTV MZERZFRDOSETH D720, 1 VTV MIEBLALHIZR 5 HEN
Hob, £l FHILZL DHLFENHTELZHETH, AR—ADHMIIBAEIZF = v
73IND, B, - DRIFZARXAVFTH D,

F9, Agda D70 I LR TET 7 A INVEMEKT S, Agda D700 T LT
EVa— VAIZER I NS 72D, FTIE N Y TUVRVIEV 2 -V 2 EHRT 2HBEND
5, by TVURVDETV2—VET 7 A NVHER—L05, HlAIE AgdaBasics.agda %
BT 2RDEY 2 — LAY A 51D ESITERT 5,

DA B 51 AgdaDEY 2a—IVDEHET

1 ‘module AgdaBasics where

Agda 2B BRIFEEIL : ZHWTITR S, HIZIX, ZExHPRA ZFKD, t\nwH 2k
ERITIZIEx : A CEART S,

7 — X% Haskell ¥ ML IZ@l7=RE0 72T —2ETH 5, T —XMDEFEIT data
F—7—KRZHW5, data ¥—7 — FDEIZ where A2 EEZ A VTV b2 EL L2,
BIZaA VAN IR ZORETZET B, 21X Bool EEHETHELIYAN 520K
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AL R S8 Agda 12 X BREHFIL

12725, Bool lZa VAN T 27 & true » false 2257 —XBTH 5, Bool HE DA
X Set THH., Tk Agda DHAAATHE D THOR | THD, Set |FFEfEHEE % Fr
L, MOBMORZIRET 5121F Setl £ FEL,

JZ b 5.2 Agda iz 85T — X Bool DREFH

data Bool : Set where
true : Bool
false : Bool

BAE D € £ 13 Haskell 1238\, B & 2GR U 722 BB OAREAZE = DBITIEE
T35, EHRORIZ -5 2HWVW5, BB, 5 ICW LU TIEEREX > S HEINATWS,
ZAXBIEDHL A TR O AEDEL B DT A > BDOXSIZEIT S, Bool B x ZHl-> T
true ZRIBEB £ I1XV A D 53D &Sz 5,

J AN 5.3: Agda 125 1) 5 BEEE &

f : Bool — Bool
f x = true

FIBIEERHTZITHILHTELN, BERNRA VA NI 7R Z2BETHILTED
AVANT I RPEINROEFHZ2EHETES, ZNEANX—r <y FEEEN, OV
ANT Y RT case XZ2{ToTWBELDEDTH S, HlZIX Bool BLDMEZ KEET 5
not A EELL VAN 54D LS IR B,

Y AN 5.4: Agda iZ 851 BB not DEFH

not : Bool — Bool
not true = false
not false =

NRRA=VUYFIFETDAVANTIZZDNZ—=vaETF R TITRS BV, HlZIE
Bool 1 7% Z I FHUA BHE T true DRFOEEOAZELL ZLIITERY, B, IV AR
T IR BV DPEELURIZER TR B &, BHEIRESL S AMEIFFEELZUAD T
AN RS, BIZIXY A 55D not 1& x 121 true UL AS Z & dEW, 08,
RYFUREZERE UTHHLRZWESIE _ 2HWTE TS Z L TE S,

DA K 5.5 AgdaliZBIFBNRNE—r< v F

not : Bool — Bool
not false true
not x false

BAEUZIZY) T IUDBEEL, BBAZERETLEXZOHTEKRT LI enTES, Z
N%& I LZXRNEMEK, \argl arg2 -> function body D & 512FEH <, HlZ X Bool BLD
5% b ZHl> T not ZWHT % not-apply 2T LXATEHESEVAN56DLDITH
%, BA% not-apply % 7 L XA ZHDTIZERET S L not-apply-2 (L4850, D
DOEBUIFR—DEIEZ T 5,
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DAN 5.6: Agda IZ8B1F5 7 LXA

not-apply : Bool — Bool
not-apply = (A\b — not b) -- use lambda

not-apply : Bool — Bool
not-appy b = not b -- not use lambda

Agda TIIFHEDBBND A THIHY 538 % where W TRl TE 5, T NIZEAEAER
DIERGTERE2ERTEDIZIEHATE S, A3 — 7% where H) BMFLET 2 BN D A
THDH7-D, ZATEPMEREI T2 HHEN, FIXIFEARKI DZH > TENEN 315
ULCIET A2 £ 2€HETHEL X, where 2fli5 VAN TDESIZEITE, ZTh
X £ LEBROENIER T 5, where MIFAA L2 WEBRDEEIZA > T >~ MM & T where
F—U—RZEABL, BITOHBT VT b2 U THEHENMBTHHET 2EBZ2ERET 5,

YA DN 5.7 Agda (251} % where H)

f : Int — Int — Int
fabc=1(ta) + (t b))+ (t c)
where

tx=xXx+x +X

f’ : Int — Int — Int
f>abc=(a+a+a) +(Mbdb+b+b)+ (c+c+c)

T—RBEDOIAVANI 7 RZIFEPEHGORZGFIIINSZ L TES (VA 5.8),
HARBDO IV ANZ 7222050, FAIZARKEE R, i AIZEREZ > THEEBUZ IR
TEDTH5, HlIZIE01F zero TH Y., 113 suc zerolZ, 31 suc (suc (suc zero))
IR %,

YA DN 5.8 AgdalZHB T 5 HARBDEE

data Nat : Set where
zero : Nat
suc : Nat — Nat

HARBUI N T 2B ILHREKE U TERTE S, HIRAITEAKEY S LoMmEILIH
HAETF+E UTY AN 59Dk 51FIT 5,

ZOIHBEA T IFEMICIIHEREBTCH S, MIEPERETCER TS 2H 02 EHRH4IC
_ S LUTHOIAATEL ZL T, BBEZEIRFIZH -1 DAIEPEREHAE D L 5 IR
L85, BIZIE \_BEBEEETSE | true DEDIZFHTE, - BlEEETHL
false ~ DX DIZFIHTEZ %,

F72. Agda IFFHIRBEBME LT 202 HETE S, ZOMBED “IHEHE I3 AMRE
Tz UTIEB S 2 EIRT 5, A1 1 A EDORFOFEIFERIZIE suc n 225 n A& -
TWA7-, BRTEVRLIES T I TWOREEILET S, HL suc n DEFFEFHSTH
GANCHIRELUGE. Agda 3EEZ T,
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RITHRAFTRNZ DWW TR TWL , IKFRITHRESEARANLR L OB TH 5, KFE%Z
FAH U BB ORI AF U ORI ZIRETE 5,

Agda T (x : A) —> B 2 ELL LBBUII A 28> x 2% 7Y, BZKYT, ZIZT
BoOHTx Z2F->THERERW, HIZIXEEORIIN T AEEBELILY AN 510 D& S5 i1cE
J 5,

) Z N 5.10: KERLZFF OB D E S

Tk W N =

identity : (A : Set) — A — A
identity A x = x

identity-zero : Nat
identity-zero = identity Nat zero

Z OEEFRE identitiy (IMEEDORITEMHAIRETH 5, FEHITEIEN identitiy & Nat
ANJEH U722 identitiy-zero TH 5.,

ZAHOEFRBCITR 2 HRIIZIEEE T LD zero [CHH L ZG5AORIXHHIZ
Nat -> Nat TH D, Agda ZZTD XS GHignz AR — ML TH D, HEmrTaenslBUIE
W8T &5, #amZ & o THERS N 55180 BB 725121 (implicit arguments) & S, &t
5 {F TKK %,

BlZIE, identitiy DX L T2 A Z WGB3 8L UTAEAKT DL U A b 511D
L2127k s, ZOEEEEE AT BRIIREDHIZIE S 22T 21T TETOMAH
FICHEER I N D, Ko TRIEZEFHT HERIE id-zero DL D IZHZ AL TRV, &
B, BEBOARETHERNZE 2 RHL 20WEE L {variableName} THFHE TSI &
TE5 (id’ B, BHT 2565 {3 T, id-true D L S IZfHT 5,

DA B 5.11: Agda IZ B 1) 2 GBI 72 51 8% 1D B

R O © 0o g O Utk W

—_ =

id : {A : Set} - A — A
id x = x

id-zero : Nat
id-zero = id zero

id’ : {A : Set} — A — A
id’ {A} x = x

id-true : Bool
id-true = id {Bool} true

Agda 121X C 2B T BHERICHYT AL I - NRIEHFEHET S, EEE2TRIERIT
record ¥F—"7 — RDEIZL I— N4, B, where DI field F—7 — K& AN7-1&,
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T4 =V R LRI ZEHZETSE, HlZIEx &y DDDOHARE N S57%5 L 32— K Point
AEHTDELVANSI20ED1Z%5, LA—FEBET IHUL record ¥—7— KD
#BD {y DHNERIZ fieldName = value DL TIEZFIZEL TWL, EEDMHE % 5559 5 B
X ; TXH5,

DA N 5.12: Agda B35 L a— REIDES

record Point : Set where

field
x : Nat
y : Nat

makePoint : Nat — Nat — Point
makePoint a b = record { x =a ; y =b }

MR IN- L 32— KD o fEZ2 ST A B21Z1% RecordName . fieldName &\ & HTDEIEL
ZEATS(VANSIZN21TH), BB, LI—RIZERX—Uy FHRFHTES (VA
N 513 WN547H), 72 % FEH T 5B record oldRecord {field = value ; ... }
EWS KX EFIHT 5, Point DD x DfE% 58X 3 B4 xPluss (Y A b 513D 7.8
FHDO XS IZET 5,

DA DN 5.13: Agda iI2BIF5 L I—RNDOHH, "NX—r3vF [HOFEH

getX : Point — Nat
getX p = Point.x p

getY : Point — Nat
getY record { x =a ; y=b}t=5>b

xPlusb : Point — Point
xPlusb p = record p { x

(Point.x p) + 5}

Agda 1B BEAED K 5 ITRD 85 #BE & U T Instance Arguments D FE1ET 5,
INFeHdT— RN, HEIME AT 2R OBBMER DI L 2 RIS 2HRETH D,
Haskell IZ2BF 2827 5 A% Java IZEIT 54 VX —T7 2 —AIZHY T 5, Agda 2B
LI OEIRIE, BB EEE L 72 record IZHY L., ZOHINZLRIET 51213 %
@D record % instance & U TCEEKT HZ L1245, HlIZAIX, FUHRMELLIRT 2 LN TE
5, LWOMBEARTEVANSUDES LR, BRI H2E A 12812 HE
B _==_ ZEFKT DI LITHYT 5,

J AN 5.14: Agda iZH 1T B0 BHIFY

record Eq (A : Set) : Set where
field
==_: A —- A — Bool

HBET N OB 22922 RII1IEF M T TCZOLa—R2EKTE
52 &% mRL, TN% instance WXL THEHT 5, B Nat 28 Eq O L THB Z & %5
BRTBLVAN515DKD1245,
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D A b 5.15: Agda lZ8 1 % R4 AUREFR D FESE

_==Nat_ : Nat — Nat — Bool

Zero ==Nat zero = true
(suc n) ==Nat zero = false
Zero ==Nat (suc m) = false

(suc n) ==Nat (suc m) n ==Nat m

instance
natHas== : Eq Nat
natHas== = record { _==_ = _==Nat_}

ZNT Eq PERINDBEBUZH LT Nat DEHATE S L5125, HIZIXE A O
FZrRFEDO List A DS ERZBELUTL b elem 2EHET 5, MDA v ARV Ak {{3}
WEBIZ# AT e A TR 95, B, AR IIMBETH S, RIZEHELTZITTH
FALZWEGSEIE _ THBTERWL, #afle UTERL 7z record 1ZBEEAMKRIZBENT
{{variableName}} & WX TCEAHKIZKMETZ 3,

J AN 5.16: Agda i BT B8 % 5 B DE#

ielem : {A : Set} {{eqA : Eq A}} — A — List A — Bool
2 |elem {{eqA}} x (y :: xs)
3 |elem x []

(Eq._==_ eqA x y) || (elem {{eqA}} x xs)
false

Z®D elem FAEUIY AN 517 DL S IZHHTE S, Nat TLOEREZFD ) X N DHER
WANEENEDHEZR L TWA, 20 listHas4d 1% true IZEEiEI N5,

) A~ 5.17: H#4T % Ko B D

listHas4 : Bool
listHas4 = elem 4 (3 :: 2 :: 5 :: 4 :: [1) —— true

BAIZEY 2 —UZDWTHR S, EVa—)WXFL ALLRIEME UTERT 5, &
B, EROBRIZEY 2 —VD 1 Vik— MNEIZIThbivd, EVa—VEA ViR—FT
AR import ¥ — 7 — RZIEET 5, 7z, 1 VR — M 272 BRICHRTZ B ITEH
TEHILHETE, TORIEF as F—TU—Fz2HVE, EVa -2 5REDHEBDA % A
YAR— T E55EF using ¥ -V — Nz, BEBOAATE2Z X S5 renaming ¥ — 7 —
F%&, REDOBEBDAZRTELEIE hiding F—7—F2HW5S, B, EYVa—VILfF
ET288% by TRV THWSE AL open ¥F—TU—RN%&{li5 Z L TREATZ%, €
Va—VEAVYR-FTLEH%EY A 518I1TRT,

AN 518 AgdalZBFBHEYa— DAY EKR—L

import Data.Nat -- import module

import Data.Bool as B —-- renamed module

import Data.List using (head) —-— import Data.head function

import Level renaming (suc to S) -- import module with rename suc to S
import Data.String hiding (_++_) -- import module without _++_

open import Data.List —-— import and expand Data.List
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¥/, BEVaANVIZIHMERET Z N TE S, TD L ST Y 2 —)VIE Parameterized
Module N, EINAMHEZFDEY 2 — VN T—ELTHKRZ S, HIZIFEZEDOM
KT 5 IHEHBE T2 o CHiRE A 2T HEYa— ) Sort 25X D, TDEY a—
WTBIEUZTL A & “IHEE T <20, V— M58 %2RHLT 5, Sort EV2— L%
Nat & Bool THIHLZZHIHY A b 519 TH 5,

) A b 5.19: Agda 281} %S Parameterized Module

module Sort (A : Set) (< : A — A — Bool) where
sort : List A — List A

sort = —— FII|IEMK ...

-- Parameterized Module (Z& ¥ N.sort X B.sort A AJHE
open import Sort Nat Nat._<_ as N
open import Sort Bool Bool._<_ as B

5.2 Natural Deduction

I IRDIZFEA % 1772 5 72 1T Natural Deduction( H R ###) 2 Rd,

Natural Deduction (& Gentzen (Z &> TEoNGwElE | ZDFEHY AT L TH S [20],
A LGl T 2 W A T 230 U, #EGRBANIC K D EIB$ 5 Z L TRD 5
HAE2EL,

natural deduction IZHWT

A

CEWR, BRRIIZAEE A 2L -2 2 2 BRT 5, GFRHIIAEE TRD I, B
DEEIINE & 725, HEIZIX dead 7 alive D 2 DDIRENFIET 5,

A (5.2)

B

RA52DEIIZT A ZIELT B 2B WL d5, ZOR A X alive ZIKETH O . iF
BHE N2 BlX A DIREIHKFLTWE Z L2 EKT 5,
ZZT, HERBANZEVEE = 2EAT S,
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HERKF RZ AL S (B ) FhE GLHZERSEE Agda 12 X BEEHFIE
[A]
B
A:>B:>I

=7 2HEHTHZETIRE Al dead 2720, Fi-mE A= B 2E N TE
e A LWOIREIZHAIZL T B 2ELGEADR S, TA PMFEETNIE B DEFEETE] &0
IAFAZBENZZ L b, ZDXIIT, REDSHD THRAKIZETORE %L dead &
52T, IREIZHEAZ U WVEEHZEIT 5, 725, dead BIKEIX [Al DL DI [1 T
A TEL,

alive Z{NE % dead 2T A ENTEEDIE = T HAIOATHS, TNEEEE X,
natural deduction IZIZLA R D & 5 L HAIDFEET 5,

e Hypothesis
RE, ZEIZHDAPMREL 0570, fwBRNA Z2RKETHELEIZUTDL S ITEL,
A

e Introductions

BN FEE NGB RITN U TRl S 2 BAT 5 2 & Tl 2t 2 & <,

A= B

e Eliminations

PrZ. & 2 amEREC T THER S 723 H 5 J DFERT 2 5 <,
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AVB C C

c VE
A  A=DB
B = &

BLE VA, = OB ADRERANZ DO W TR AR 72, natural deduction (21X fizH vV, 3, L
EWVWS ST 50, I TIREHZEIKT 5,
ZTNENDOLFIFLATD L S BRE®RZFFD

e A conjunction, 2 DODMEENE D LD & ERT, AANB Lidikd 5, A2DB
EEZBILENTE S,

e V disjunction, 2 DDMED I HLEL SNMVKVILDI L ERT, AV B Lidikd
58, AFHZIEIBLEEZXBILNTES,

e = implication, ZMIDAEDRL Y SLOK AROERE O IO & &2Rd, A= B
LT L, ALRSIEB EEZXDLILNTES,

f5il& LT, natural deduction TZE ik ZGEHT 5, b, ZEGmiEEIE TA X B T
HH, BIxCThb, koTAIFCTHS] WVWoltX%ERT,

(A= B)A(B=0C)]

1A] o) (A= B) (A= B)A(B=0C)] @
B = (B=C)

C

A=C
((A:>B)/\(B:::C’)):>(A:>C) = L

N1E
N2E

= I(l)
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F9. ZEGmEEREATRT,

[AIZBTHOH, BIICTHS, EoTAIFZCTHS] MiFHTIREHBETH 5,
FT.TAEBTHY] 6, ADSHEBNEITILZ N1 D, ZTOUW A= B Li
5, IRIZ, 1 BIXCTHB] o, BroMECIHEITFLAZ LW 5S, ZTWUW B=C
YD, TLUTID2DERABHIED LD, £oT (A= B)A(B=C) BMEEL k3,
ZDIRENE D DRI TA X CTHB] 2REIERV, IRELFUESIZTAIZC TH
511 A= C eEFEITS70, GEHT IR EmERIT (A= BA(B=0C))= (A=C)
L5,

AEHDOFIEIZZ > Th b, FT5M4 (A= BA(B=C) L AD22%IKET 5, &
ZANLENE ZLODETEHE, AL A=B»5B%, B B=C»56C%2EL, Z
IT =718 A= C 2EL, ZOBRIZ dead 12T 5{KEIX A TH D, HE%
dead IZFBERE (1) DL D ITHIET D [1 DELTITHIEEZMNIT D, TNTHES alive 7214k
FlE (A= B)A(B=C) R0, Zhrd A= C 2E I ENTELEZDIZESIZ
=7 Z2#EAT 5, #ER EHITRERERN (A= B A(B=0)=(A=C) &}
T-DIZFEHK T & 7 B,

5.3 Curry-Howard Isomorphism

5.2 fiiTl& Natural Deduction (25 1F BFEEIHFIRIZ DWW TR 7z, Natural Deduction &
T I L ETREMNEDT LAXRE UTERETES, 1 Curry-Howard Isomorphism
XV, Natural Deduction &BIfF& A FHEAFUMETH DI L 2R LTV, Curry-
Howard Isomorphism O % 3% 5.1 12187,

RN E T LAXFHRICB T 2 @mEIZRICHYE T 5, HIAIXEFRBId OMF A - A &
WO BRI Z RO, T TADRD Do AWK DD WS M e FEL W, o
REFRI L > TN, FEHIFZOREZEL DDA L5,

#l Z 1¥ Natural Deduction (28132 ZBGwiElE (A= B)A(B=0)= (A=C) &
WO BE L TW, IKEIX (A= B)A(B=C)) &5,

ERIZHIGT 2RI IGEREDFAET 5, Agda IZBWTHEBEMIZWIGT 57— X b
Product Z/EHT DL VAN 520D L5245, HIZIK Int B L String H % HL S EFE
B Int x String 745, ZNEZDOOMEZRASMTH D, Natural Deduction D A
WYY 5,

ERMEPSEZ R T HHM st & snd 2EFET D, T4 6 1E Natural Deduction (2
BIF B ALE & A28 ITHHYT B,
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Natural Deduction ‘ BIfAF & )\ B ‘
A A ZROZ x
A= B LA ZHUD AL B O E R T EBIE
=7 7 L Z DML
=& e 280w A
ANB BA BB OERME 2FFOZH x
VA BABZFEOEPSEREEADIVA NI IR
ALE ERER DS DR A 2 HL ) H 3515 fst
N2E BRI S ORI B 2 H Y 9 55 snd
AV B BA BB OEME 2R OZH x
VI BABOMENPSEMEADIYV AN 7 X
VE EA A 58 C Dff % K 3B f

# 5.1: natural deuction & A & X FHE & DG (Curry-Howard Isomorphism)

BE, BREAIIMAZE D74 — IV Rfst 2B BZ2FE D274 — )N Rsnd 2H>oL a—
REILEZ TEHRBEW,

DA b 5.20: Agda (281 B EFER

data _x_ (A B : Set) : Set where
<_,>:A B — A XB

fst : {AB : Set} - A X B — A
fst <a, _>=a

snd : {AB : Set} - A X B — B
snd < _ , b>=D

ZEGRIEOIIHIE T DDEN S ALE & A28 ZFHVWTIREE 2RO L., TNE
N =& ZHEALUZRIZINER =7 Tdead 1295 JETH -7,

=7 C:jﬁmj—é@CiBgéiﬁﬁﬁfﬁ)éo J:O"C:.O)gEEECi r#’)@%éﬁ(ﬁ‘% fst & snd
2o THEE DO H L, TNENZ2BEBEHAT S LWOHRIZRSE, ThET LK
RTECEV A2 D &S 1Z%5, IRE A XxB EHEEA DS A - CZEZENTVD,

D AN 5.21: Agda (2815 =ZBiwiEDFEH

f: {ABC:Set} > (A —-B) x B—-0C — (A — 0C)
f=((\px — snd p ((fst p) %))

ZD &SI Agda TIFiEHZEERTH I LA TE 3,
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5.4 Reasoning

IR 2RI U CERDFFHZ LR LT\ <,
HlEEL LT, BREDOINED LR Z2/RT, GEHZTRS 72D EFTIXHRBEZEH
95, SHAVWEZEHARABDERIILTDOLS>BEDTH S,

o 0 IFEHAKTH S

o TEDHERBUTIIBGHIPFIET B

o 0 IXW\A 75 HARBD BRI TH 720

o BLLHMRKE S LOBKEIZEZLRS (n#m — Sn # Sm)

o 02D IMEZWI-U, anddMEEZ M- EIXTDEF Sh) bHARKTHS

Z DEFK I peano arithmetic (2B 1T 5 HRBDERTH 5,
Agda THARE Nat ZE&EIT DLV AD 52 DL5I1T45,

U AN 5.22: Agda (Z81F 5 HAREA Nat DEH

module nat where

data Nat : Set where
0 : Nat
S : Nat — Nat

HAREH Nat 122002V A NI 7 X %&EED,
e O
B ER WAV A NI IR, ZND 0N T S,
e S
Nat Z3[BUCE A AV AN T 7R, T EHEEIZHY 35,

XoT, BED 31X S (S (S 0)) DEHIITREEIND, SDEBHIPEEIZNINT S,
RITINEZEHRT S (V) A b 5.23),

UA B 5.23: Agda 2B 1) 2 BRI 9 5 A D E

open import nat
module nat_add where

+_ : Nat — Nat — Nat

0+m
(Sn) +m

m
S (n + m)

A XFHE % H W2 Continuation based C DMREETFIE 43




—_

0 O Utk W N

&
¥z
>P
S
>
4
=
ix
-
=
>
#
(S)4
&

AL R S8 Agda 12 X BREHFIL

INEIE BRI _+_ L UTERT S, 22D Nat ZHUD . Nat 2R3, BIE _+_ 138
A=V FILEVHEZEZ S, 0IZRLT m AT EH5EG1FE m THD., n DB
WRLUT m MET5561E n 12 m &AL 7z: ﬁ@@éﬁﬁ(&j‘é S ZlEDED 54 DI
N1 DT ORI %bfm<i9&m%fﬁé

BIZIX 3+ 1 EWVo72E5HRIE (S(S(SO))) + (SO) &S icididansd, TI T3+
1234 LELWZ L DREHZTT2 5,

LAXDIEIHIZIE agda @ standard library (25 1) % Relation.Binary.Core D€ 7% % F
Wb,

J A b 5.24: Relation.Binary.Core (Z & 255\ %&RTH =

‘data = {a} {A : Set a} (x : A) : A — Set a where
X = X

refl :

Agda IZBWTHERNIK, FX2RT TR = 2LV EHKRI NS, = XA UHIAFE U
THIZF I NARHZa VY AN T 7 X refl THEETE 5,
FBUZ 3+ 1 =4 OFEIHIE refl THEKTE % (U A b 5.25),

UA N 525 Agda iZ281F75 3+ 1 OFEERDN 4 &E L WEEH

open import Relation.Binary.PropositionalEquality
open import nat

open import nat_add

module three_plus_one where

3+1 : (S (8 (D)) + (80 = (s (8 (5 (50NN
3+1 = refl

3+1 L WO BB EERL, TOMME UTHHTREA 2508 L., FEHZBEBOER L L
TREFET D, aEHTAHZRIE (S (S (30 + (S0)=(S(S(S(S0)))) THd, 5
M _+_ BARODOERIZED (S (S (S (8 0)))) IHNINEZDIZIVANT IR
refl 2SEEAA & 72 %,

= LK CREHT BB, BTRURNCENIND LIRS 202D, WL D DOEE
7 Relation.Binary.PropositionalEquality IZE#E I N TW5

eSym:r=y > yY==c

ERXRVHFATENEZFOEROELE HLE2KIZLTHEL W,

econg: f—oax=y— fr=fy
AEA U 72 RZF U 2 5 A THEXIIR N D,

etrans: =y —=>yY=z—"r =2

2 O0DERIZENZFCEZHAWT 2 00X 2BIF-ERITEL W,
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TIEZIND 5 nat DINED LKA ZFERH L TV < (U A b 5.26),
U A N 5.26: Agda 1231 2 N7ED 2 #E R D FiERA

open import Relation.Binary.PropositionalEquality
open import nat
open import nat_add

open =-Reasoning
module nat_add_sym where

addSym : (n m : Nat
addSym O 0
addSym 0 (S m)
addSym (S n) O

|addSym (S n) (S m)

— n+m=m+n
refl

cong S (addSym 0 m)
cong S (addSym n 0)

{1y - &

nnnn~

FEAT AR lE n+m=m+n TH5, n & mlE Nat THSE72D., ThZTnHraT VA
NI 27X OMSIZEOEREING, TDDIZNNEZ—=2IF48DH 5,

en=0m=0
Ao DERICED, O TN ETNSE720 refl TEEHTE 5,

en=0 m=Sm

O+ (Sm) = (Sm) + 0 %#FAWPTHZLitkhd, TOERF +_ OEHRIZKD
O+ (Sm)=S(m+0) LEETES, S(m+0) 1 EZm+0 2SS ZMATHEDTH
5728, cong &AW THIFHIZ addSym 2 Ef7d 5 Z & CitATZ 5%,

ZD2DODFHHIFZD LS BEKREZRED, n B0 THSHLE, mb 025K
DERDKTTS, n D0 THHD, mDB0 THRVWEE, m Ikl Tchsd, ko
TmH (Sx) &ELNBE, x Em OFIOMETH S, BIOMEIZ & 2R % A
WTH 5 ZDORERDEHEE _+_ OEHRIZLDFELL,

ZZT. addSym [Z¥ESI NS m 1T 1 DEAPFH > TS, HmEHIZIE n =0, m
=0TH5 refl IZEXTHEHISTN, FADRRONL,

en=5Snm=0
(Sn)+ 0 =0+ (Sn) 2t 5, TOHFEXRIT _+_ DERIZLY S(n+0) = (Sn)
CERTES, IHIZAERTNIE Sn+0)=SO+n) £7%2%, &> T addSym IZ
ED O &nZEHLULEIZ cong TS ZMA DI L THHNTE S,
ZIZT, O+n=nid +_  DERIZIVEHPETHSH,. n+0=n2ZDF x4

HTERWI LIZEZLUTHRLY, _+_ OERIILAMOIED S S 2 LMDIHADHE
TEITHLD, AHIDOEADFEEIXL 2,
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en=Snm=9Sm

3DODNEX—IFEFHH U 728, ZDONRR— 3D 2 B 500 id 52 &
95,

3 DODNRR—=NZEWTIE refl ¥ cong &\ o 7z HMIRTECIHEIAZ 1725 Z & N TE 72,
U ULEWIEHHIZZR % & refl ® cong &\ o 72A % trans TREIZBIT T BEMEDH
%, RWVIEIHZ 73D X3 < Elidd % 72812 =-Reasoning % A\ 5,

=-Reasoning TIFFERD A% begin DRIZEIR L, FARADER % = (expression) 12
LR T B Z e TER LTV, BICERDLL%E B QEANE LR T 5 L TERD
AEANME 5N B,

HARE D INED AR 17kl % =-Reasoning & AWTREBH L 726153 A k527 TH 5, i
Wn & mMW1AETHLOFEHICIEHT 5,

) A b 5.27: = - Reasoning % F\\7zZEBH D Hi

0 N O U W N

e e
T W N = O ©

==
N O

18 |
19 |
20 |
21‘

open import Relation.Binary.PropositionalEquality
open import nat

open import nat_add

open =-Reasoning

module nat_add_sym_reasoning where

addToRight : (nm : Nat) - S (n + m) =n + (S m)
addToRight O m refl
addToRight (S n) m = cong S (addToRight n m)

— n+m=m+n
refl

cong S (addSym 0 m)
cong S (addSym n 0)

addSym : (n m : Nat
addSym O 0
addSym 0 (S m)
addSym (S n) O

o~

addSym (S n) (S m) = begin
(Sn) + (Sm) =( refl)
S (n+8Sm =( cong S (addSym n (S m)) )
S ((Sm) +n) =( addToRight (S m) n )
S (m + S n) =( refl )
(Sm)+ (Sn) N

F9 S n)+Smid_+ OEFHFRIIZED S+ (Sm)) IZHELW, 5T refl
TEIND, BH, HAMIZEZE R ECTRIUEICHNS DR refl 1IZX > TR T2
ZEMZW,

RIZS (n+ (S m) IZHULTaddSym ZHWTRHL, cong IZX->T S 28T
5Z2T S ((Sm) +n) ZED, T, BI3NX—=2IZBWT + OALOIEMN 1
UETH>TH EFLTHBANERETCEA-Z e 2AHALTHEHZZELTWS, ZOLS
WZECEROHRTEH, B NX— VT TEED 2 HWTHISZ — v OFFH %1772 5
e dhb,
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BEIZS ((Sm) +n) 25 (Sm) + (Sn) 2HRLSTIERSRY, LMLL, _+_ D
EZRTIFALIIRHLT S 2BETHEHENEEINTVARY, Ko TI DX X TIFEEHT
5IEMTERY, ZDH, FRX S(m+n)=m+ (Sn) % addToRight & UTERHRT
%, addToRight IFI YA N T 7 RIZ L B3I HWTEEHTE %, A0 THNIXEH
DAL B, 1A ETHNIXEIRRIZ addToRight 2 #H 3% Z & TEEDEUIK L TR
DiLD, addToRight ZFH\WWAZ & TS ((Sm) +n) 75 (Sm) + (S n) ZHFoNT,
INTERX (Sm) + (Sn) = (Sn) + (Sm) DFEHPSET L 7=,

FHAREIZN T2 + DIEHAEZZBZAZRIZHDZADAVA N T 7 ROMAGHE 4R —
DWTNHTHEZHERDOERDREK O SIOZ e h o7z, TD XS, Agda I2BI1F 5
FXDFEHIZ, EEXPEAZHAVWCAHEE ELZFECEIZART A Z L Tiihbh b,
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H63 Agda (28175 Continuation
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5% Tlk Curry-Howard FIEIXI S &b, B E 5 LA XEHEZHWTHENGEHTE S
Zr%ERUZ, MAT, AEAEXERSE Agda ZHVWTT —XRDERL T2 S KD
MEOFEHBT R A S Z & 2R LT,

CbC THEZIEHT 572D ITKFRZ R L 72\0WAY, CbC ITIFEHEHDOI Y 2T LDF
EL7R\W, #FR%Z CbC I VA T TS 72D1I2H £FTHIRD CbC 2HAFTT 20
b5,

6 Tl CbC DIHMPAIRTCRIMNITTEL I L E2RT, EEULEZMIATLZHWT,
Agda EIZ DataSegment & CodeSegment DFE . CodeSegment D & AT, A XGIHA
ZEFZRLU. TNODRMNITINDG T L2 MR T D, F7z. Agda ETEZEL 72 DataSegment
& AT % CodeSegment DR DOME % Agda TREFHT 5,

6.1 DataSegment D€ %

¥ 3 DataSegment 2*5 & LT\, DataSegment (&L 31— N TRETEZ 5720,
Agda DV I—RFZ2ZDE FFRHTES, HlZAIZ21ITRLTWZa & b ZMALTCc
2N T0 0T LT E DataSegment 2k H5E 6.1 DL ST B, cs0 IF a
EbD=DOD Int MOZEKEMMAT L7280, WK S ds0 iFa & b D74 =)V F&kf
D, csl IFEMAMRZRMNT S ¢ LWV HAFTDEBDAZFEFDODT, FARKIZdsl H c DA
ZHRO,

U A b 6.1: Agda 281 % DataSegment D5E

record dsO : Set where
field
a : Int
b : Int

record dsl : Set where
field
c : Int
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6.2 CodeSegment DJE %

XIZ CodeSegment % E# 9 5, CodeSegment I& DataSegment % H{-> T DataSegment
ZRTEDTHS, o TI -0 2RNATEHT—XMEEHRT S,

L a— FRIOBE Set 22D T, Set BEFFOLEMT & O Z2MELRUTK - 72 7 — X Code-
Segment ZE &9 5, I i Input DataSegment DEITH D, O X Output DataSegment
Th b,

CodeSegment BLD 3> A N T 27 XIZiE cs 23 U |, Input DataSegment % HX-> T Output
DataSegment %3R3 B ZI S, BEARNZRT —XBMOERIZY AN 62 DX5IT4k5,

YA T 6.2: Agda 128 1) % CodeSegment B D 5E F

data CodeSegment {11 12 : Levell} (I : Set 11) (0 : Set 12) : Set (1 U 11
U 12) where
cs : (I — 0) — CodeSegment I O

Z @ CodeSegment %% F\T CodeSegment DILHELIARILZ Zlk 3 5,

ETEHOARKE LD s0 ITHEHT D, cs0 1E DD Int B EZFED ds0 MO, —
DD Int M %> 72 BT sl ICREMGEZ TR D, DataSegment 1L I — K72D T,
albDT7 44—V REPOMEZID U ETHREZITRWV, c2F2La— FE2EHKT 5,
ZDOLa—RZE5EHENZFE F csl ~N& goto T B,

RIZ cs1 WZIEHT B, csl IZMEICHINT cs2 N& goto T AT THS, L-oTHEH
FTIZFDEE goto THEBAE IV ANT 7R cs IZHETHEITTRY,

BEIZ 2 THD, cs2 13V AL 21 TRAKL T\, SREIFFEZKTIES
CodeSegment & UTEHT 5, £®D CodeSegment 126 W EMGEE T ICMlEZ R -7 F F
HEEZKTIES, VAT IR cs ICIFBABZ G Z 7 TIHMEZ K TE 2 \W20,
filH LW TH 5 id 2IEL TV 5,

BBICERET D cs0 NEBREMGT D main 2EHT D, Hle LT, a DfEZE 100
L. bDfiz 50 & LTW5,

cs0, csl, cs2, main % Agda TEHKRT DL VAN 63D XI5,

YA R 6.3: Agda IZ81F 5 CodeSegment D5E %

cs2 : CodeSegment dsl dsl
cs2 = cs id

csl : CodeSegment dsl dsl
csl = cs (\d — goto cs2 d)

cs0 : CodeSegment dsO dsi
csO = cs (\d — goto csl (record {c = (dsO.a d) + (dsO.b d)}))

main : dsl
main = goto c¢csO (record {a = 100 ; b = 50})
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EUFHRAT R A 272 58 150 5105 X TH 5,

6.3 /—<ILRVEREDFELT

Ta7 5 LEFITTEI LI goto EERT DI L LABETH D, WML goto DM
HeLTiX

o RIZEFTT % CodeSegment % f5ET 5

e CodeSegment (249 X E DataSegment % fHE 9T 5

o BIEFITL TW5 CodeSegment »* 5 ffilf#ll & fi € X 1172 CodeSegment ~ & B #) X
'3

Db, Agda IZE1F % CodeSegment DAKIFEAK TH S, B EZDO L £HEHT S
EHIFZFLTUE D720 CbC L DRIERRDLNTLE S, Lo T, goto ZFIFT
ELDOFMEBOEREDATH D, &\ il EBEBU I INZ 2 BEDH 5,

Z DRI E 2722 1X, CodeSegment DEFTIE CodeSegment B A & BIEUARAR %2 HL D
MU, Va—FRZ2EOEZEHTS I EITHYT 5, BARINIZ goto 2B E U CiHEH
THEVAN64DEDITRB,

DA DN 6.4: Agda lZB1F 5 goto DIEFE

goto : {11 12 : Level} {I : Set 11} {0 : Set 12}
— CodeSegment I 0 -+ I — O

3|goto (cs b) 1 =b i

Z D goto DEFRZ VS Z LT main R E DEKAFHATEZ 5 X 512720, 150 A
"ohd, AXHTOD CodeSegment DEFIZ—H 2L TWD, EITAHER Agda D
YV — A3 — Rz EYE 5,

6.4 Meta DataSegment DEFH

J ==LV CbC % Agda ETRIRL, ETTHIENTEZ, IRIZAX L)L
DEtHE%Z Agda ETRRLTWL,

Meta DataSegment 1%/ — <)L L X)L D DataSegment DELG L U TEETEZHHD
THH., &£TD DataSegment DR TH -7z, / —~ )L L N)LD DataSegment 1% 7
07 I LML TEEINDDT, HAIIERTED2HD TR, ZI T, Agda @
Parameterized Module %] U T, [Meta DataSegment @ _EA7#L X DataSegment T&H
%] D &SI DataSegment ZEFHKT b5, 2T FTDHILIZLD, £2TOTUET T LlE—
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DPLE®D Meta DataSegment %5, LR DOMEED DataSegment 2D, F7z. Meta
DataSegment % A X L' ~X)L®D DataSegment & U TS Z &2 L D, [Meta DataSegment
DERIEITH % Meta Meta DataSegment] ZEZRTE D LD IT705, BEMETAXL
NNV eRBTLHILICEY, AHEOHRE HIEICTRD 2N TE S,

HAKK 72 Meta DataSegment DEFIZY AN 6.5 DX 512725, BT AT L subtype
%, Meta DataSegment T& % Context 25} & 5 Z IZX DHEEI NS, Context %
Meta DataSegment & 9% 7’112 J A E Tl DataSegment |& Meta CodeSegment D _E
NELE 725, ZODHil#)% DataSegment LXK DO L T35,

U AR 6.5: Agda IZ81F % Meta DataSegment D JE £

module subtype {1 : Level} (Context : Set 1) where

record DataSegment {11 : Level} (A : Set 11) : Set (1 U 11) where
field
get : Context — A
set : Context — A — Context

Z 2T, BEEESEIHEET 5 SSARROW 2% 5 — 8RR,

T < Sl SQ <:Ts
S1— Sy < Ty =T

S-ARROW

S-ARROW %, B TH BRI < S1 & Sy < Ty DO L DRfIZ,  EAIR
S1 — Sy DEEEE, A Ty — Th \ZHRTE 72, 22 TD EARIE DataSegment Td
D, #B2TIE Meta DataSegment TH %, il DataSegment @ get 1%, Meta DataSeg-
ment 7*5 DataSegment WAEKTEZHZ 2K, TIULEER Ty <: S 4T3, £
UT. set I Sy <: Ty YT 5, LA L., LD DataSegment %% Meta DataSegment
DR L 72 5121k, DataSegment 2% Meta DataSegment & 0 &% < DIE#H %2 BT FF
2R TER SRV, ZHIEEE TR D L7272\, 7228, A REREZ177 5 BRI
#1Z Meta DataSegment % — DM ERfo TWA LIRET B2 6 1EK 0 2D, EBE. Gear-
sOS IZHB ) B REARTIE Meta DataSegment (ZFH249 % Context ZHIZFKH AW T W
%, GearsOS (2B B EIBEAERITZ DR AT WS Meta DataSegment D BEHTIZFH Y
T 5728, HIZ Meta DataSegment % 5| N T W2 Z & & i3 11X DataSegment 5
5 Meta DataSegment ZEHTE 5, LoT Sy <: Ty Bk ILD,

2B, Sy <: Ty IX Output DataSegment % Meta DataSegment % &9 2 fEZEITHHY
U. Ty <:S; I& Meta DataSegment 75 Input DataSegment ZH{ D (N9 /EETH 5 7=
B, ZNIEHS AT stub TH S,
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6.5 Meta CodeSegment D€

Meta DataSegment 73E 3% T & 72D T Meta CodeSegment ZE# T 5, KK, DataSeg-
ment % Meta DataSegment (ZHE5E T & 72728, Meta CodeSegment D€ 512 1% LLIRHYZS
FHiZEW, / —< )L L R)L®D CodeSegment #IZ, DataSegment % H{ - T DataSegment
KT, LW KN EPRACAT 27213 THB (VAT 6.6)

YA B 6.6: Agda IZ81F 5 Meta CodeSegment D JE

data CodeSegment {11 12 : Level} (A : Set 11) (B : Set 12) : Set (1 L 11
U 12) where
cs : {{_ : DataSegment A}} {{_ : DataSegment B}}
— (A — B) — CodeSegment A B

ARVRVDEFR P TIT RO TP oI LI TOL I BREDVH 5,

o X XEIBIIEEME/LTES
AREFHBEIIBWERE 2L IR TEL20, HAADLEL I LEARETH 5,

o MHEEDANE DL E T E —FRIZH D BENRD B

AREHED ) —< NV L R)VOEARK I 25 Z N TELDEa 81 )LD A
ThHb, Lo TARFHEEZEET ARG L 2R TE 2w, HIZEZIFX
) =<V RVEEDOATHNIEIH BB N, L a— RETRAIINTE S,

e stub IZENBIMIFIZEWTEHENHETH S

GearsOS Tl Meta DataSegment 7* 5 DataSegment ZH{ D H 372 DMLELE LT
stub AMFAEL TWz, Z v Meta DataSegment T—#kIZH - T 7z DataSegment
WCHRIZRGTWEE UT, MY AT LAZBVWTEREREDTH D, " £/, MU
TLREHT stub 2K T AL EAHETHILEEZ HND,

6.6 AXLRNVEHEDELT

Meta DataSegment & Meta CodeSegment DEFEZ TR > 72D T, HKAHILETTH 5,

FAFE ) =< L RUIZBWTIEBR R goto 2EERT DI LITL>TREL, A
2L R)VETTIEZENZ Meta CodeSegment & Meta DataSegment %% 2 % & 5 12k
&9 5, Meta DataSegment |& Parameterized Module D5[%% Context (ZFH4 T 5728,
Meta CodeSegment (% Context % H{ > T Context Zi&K3 CodeSegment & 725, &k
ft goto ELXT B72DIZHH% exec ETDHDV AN 6TDOLIITEHRTE D, 1772-5T
W3 Z ik Meta CodeSegment D AKE 7312 Meta DataSegment 273, £\ 5 goto
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EEDLOIRND, set & get WS Z & T EMNBITH 2{EED DataSegment % F47
% CodeSegment £ Meta CodeSegment & LT —FRIZFEITTE 5,

DAD 6.7 Agda (2815 A XL N)VEITOES

exec : {11 12 : Level} {I : Set 11} {0 : Set 12}
{{_ : DataSegment I}} {{_ : DataSegment 0}}
— CodeSegment I 0 — Context — Context
exec {1} {{i}} {{o}} (cs b) c = set o c (b (get i c))

EAHE LT, VAR 21ITRLT Wz a & b DEZIIAELT c ITRATZ 7B 7T 4
EHEAD, FITTHBZ c D% o ITHRIFLU TP OB X D WA REIREZZEZ 5, ¢ DA
AR FET A RA I VT ITREMGRIC - REET S, Ko TREMEZITHRD
D e AEDERZ RE L TR TR S\, £D 72017 Meta Meta DataSegment Meta
IR Z BT HRTH B /) —< )L L X)L CodeSegment ZFfD, HZMNT S 2 DALE
I% Meta DataSegment T% Meta Meta DataSegment THEDZRWAY, 5 [al& Meta Meta
DataSegemnt (ZH&#N 25D & T 5, TN o 2 E X 72 ETD Meta Meta DataSegment
D Agda ETOEFEIX6.8DLDITHRD, BB, goto ¥ DHBTDMEZE % k) 572D
=< LARLVDEHFIENIZ, AXRLVRVOEHIE M ALLHTEMATRZ TV,

U A B 6.8: Agda IZ81F % Meta Meta DataSegment D & 4l

i—— T4 DataSegement DEZRZITR->TWVWDHET D

open import subtype Context as N -- Meta Datasegment % /&%
-- Meta DataSegment % ffD Meta Meta DataSegment Z/EFH CZ 5
record Meta : Set where
field

context : Context

c’ : Int

next : N.CodeSegment Context Context
open import subtype Meta as M

k—MT&DX&X&VN»®7Dﬁ5A%%ﬁT%5

EHZUT Meta ZFIHL T, ¢ & ¢’ IZRIFT B A XGE push Z2EHKT D, L WX
2 CbC 1Tl 5 & 51T gotoMeta Z FHXKMEIZE T 5, gotoMeta X° push THIHLU
T\W5 liftContext ® liftMeta |&/ —VILL RVEEEZ A XFHBEL X)L ETE L5
MEHRIIZEETLZEHDTH S, FERMIZ main O goto % gotoMeta IZEZHZ 5 Z
IZED, c DEEFBELEPSHEFETES, YA DN 69 ITRLAEZTRS T LTI, W
LARLDIA— R AV 22 EHEETICAXHBEZELHICHRELTWS, NEZ
TR HID ¢ DFEN 70 TH o 7= & U7z, FHREFEE 150 & c IZRMIS B AN, ¢ 1Tl
70 BRI NT VWS,

DA 6.9 Agda 1Z81F % Meta Meta CodeSegment D E & & FE17H4
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-- meta level
liftContext : {X Y : Set} {{_ : N.DataSegment X}} {{_ : N.DataSegment Y}}
— N.CodeSegment X Y — N.CodeSegment Context Context
liftContext {{x}} {{y}} (N.cs f) = N.cs (\c — N.DataSegment.set y c (f (
N.DataSegment.get x c)))

liftMeta : {X Y : Set} {{_ : M.DataSegment X}} {{_ : M.DataSegment Y}}
— N.CodeSegment X Y — M.CodeSegment X Y
liftMeta (N.cs f) = M.cs f

gotoMeta : {I 0 : Set} {{_ : N.DataSegment I}} {{_ : N.DataSegment 0}}
— M.CodeSegment Meta Meta — N.CodeSegment I 0 — Meta — Meta
gotoMeta mCode code m = M.exec mCode (record m {next = (liftContext code)

H

push : M.CodeSegment Meta Meta
push = M.cs (\m — M.exec (liftMeta (Meta.next m)) (record m {c’ =
Context.c (Meta.context m)}))

-- normal level

cs2 : N.CodeSegment dsl dsl
cs2 = N.cs id

N
csl : N.CodeSegment dsl dsi
csl = N.cs (\d — N.goto cs2 d)
N
N

csO
cs0 =

.CodeSegment dsO dsl
.cs (\d — N.goto csl (record {c = (dsO.a d) + (dsO.b d)}))

-- meta level (with extended normal)

main : Meta

main = gotoMeta push csO (record {context = (record {a = 100 ; b = 50 ; c
=70}) ; ¢’ =0 ; next = (N.cs id)})

-- record {context = record {a = 100 ; b =50 ; ¢ = 150} ; ¢’ = 70 ; next
= (N.cs id)}

CodeSegment ¥ Meta CodeSegment 72 & DEFENEL D 5720, L OMWHEX T — XL
DURVIZIES 2 EMEIT o T2, —EK 6.112TELH D, Meta DataSegment %
&R D DataSegment 1& Meta DataSegment (2720 2 5 DT, Z OFEEREIZTED
BBERTHIEDVHRETDH 5,

¥, ZOHTHOHE -2V — A3 — NIz,

6.7 Agda %\ 7z Continuation based C DzEHA

Agda 1ZHWT CbC @ CodeSegment & DataSegment ZEFHET DI &N TE 7z, FEE
D CbC DaA— K% Agda TElid U, TN o DMEZFEHL TW <,
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c’:lInt
next : CodeSegment Context Context
context : Context

: Context | (’ push : Context -> Context

i a:int i S~ i

i b:int L T

E c:lint i

, ds0 ds1 ! cs0 : ds0 -> ds1 m
' a:int c:Int |

i b:Int |

6.1: X XD ERES

Z 2 TlE GearsOS 3D DataSegment SingleLinkedStack ZFEHAL TW<, Z®
SingleLinkedStack IR A Y X ZFHALZFAMY A M2 HWTEEINTWS,

CbC 281 % DataSegment SingleLinkedStack DEFKIZY A 6.10 DX ST ->T
W5,

) Z b 6.10: CbC 2B 1T BFEER stack DE S

struct SingleLinkedStack {
struct Element* top;
} SingleLinkedStack;
struct Element {
union Datax data;
struct Element* next;
} Element;

IRIZ Agda IZ81) % SingleLinkedStack DEHIZ DWW TN B A, Agda IZIEARAT >~
AN, AE Y HERP NULL DERIZF(EL R\, CbC 2B 1T % A E Y MERERD X
J =<V R)UIZIEHEB L2 W e E L, NULL ORI X Agda DIEHES £ 75 ) 1247
1£9 % Data.Maybe %\ 5,

Data.Maybe ® maybe Bli&, AV A MF 27 X% ZDFD, FADIVANT I X just
HMEZ o7 T =X THY, RA VRDEIMERH D Z LITHIELT WD, —HDIA VA
;J 2 X nothing I3MEZ K727\, ZHIIMEDFEIERE T, KA V2 OEPHERS LTV
72 (NULL RA VY R TH D) I 2RBTE S,

YA 6.11: Agda IZB1F % Maybe DEFH

data Maybe {a} (A : Set a) : Set a where
just : (x : A) — Maybe A
nothing : Maybe A
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Maybe Z HHWTH /MY A M % Agda EIZEZRTLLE VAN 612D K 512725, CbC
CAZIFFABRDEHZE N TET WD, CbC, Agda T SingleLinkedStack | Element %D
top ZHf> T\%, Element BIIIfH & {RD Element 2D, CbC TIEHRA » X THRIL
TW2E A Agda TlE Maybe TRIAI N T WA DY, Element BLOFFDIFMIZIZE D> T
W7,

DA D 6.12: Agda IZ8T DY) A M ZHWAR Y 7 DER

data Element (a : Set) : Set where
cons : a — Maybe (Element a) — Element a

datum : {a : Set} — Element a — a
datum (cons a _) = a

next : {a : Set} — Element a — Maybe (Element a)
next (cons _ n) =n

record SingleLinkedStack (a : Set) : Set where
field

top : Maybe (Element a)

Agda THAMY A M ZFHT % DataSegment DEFHZ Y A b 6.131TRF, /—<)b
LRIV G T 72 AR[EERGATE U T Context (2 element 7 4 —J)V RZEMT 5, %
LT/ =NV NURLT 72 ATERWE D 458 L 72 Meta Meta DataSegment T
% Meta IZAZX Y 7 DARIKZKINT 5, CbC IZHBITHFELETIL ... TRETDH -7~ next
H,agda TIEAZXL )LD I—=REZ AV N nextCS &0, THLALBAITFINTWVWS,

DA 6.13: ARy 7 %FHT 5728HD DataSegment DJE

record Context : Set where
field
—-- fields for stack
element : Maybe A

open import subtype Context as N

record Meta : Setl where
field
-— context as set of data segments
context : Context
stack : SinglelLinkedStack A
nextCS : N.CodeSegment Context Context

open import subtype Meta as M

RIZAR Y 7 ~OEIEICIERT 5, ARy 7 NEfl% T pushSingleLinkedStack &

filiZHL Y Hi3” popSingleLinkedStack M ChC HE%% U A b 6.14 12”9, SingleLinkedStack

l& Meta CodeSegment TH D, X XEHHEZELT L 72EICIFETE D CodeSegment ~ &
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E2B 9, TDDIT next LWIHHTIRDI— R T RA Y F2EFFLTWS, BiKHK
72 next (FA VNS U DA 6R\W2D, .. BMXEHWTAEE LTV,

pushSingleLinkedStack (& element % #rL < ﬁﬁﬁb % AN72141Z next ~N& %
F. top ZFH L CiEmEAMkET 5, popSingleLinkedStack IXJEEHA S TA T UK A
D% top MOHF L, element % — DD 5, EAETHINIL data & NULL IZ L7 %
FREM TR D,

J A b 6.14: CbC IZFB 1} % SingleLinkedStack % #:fEd % Meta CodeSegment

__code pushSmgleLlnkedStack(struct SingleLinkedStack* stack,union Datax
data code next(...)) {

3 —_—

Element* element = new Element();
element->next = stack->top;
element->data = data;
stack->top = element;
goto next(...);
}
__code popSingleLinkedStack(struct SingleLinkedStack* stack, __code next(
union Datax data, ...)) {
if (stack->top) {
data = stack->top->data;
stack->top = stack->top->next;
} else {
data = NULL;
+
goto next(data, ...);
b

RIZ Agda IZHBFBHEFEZ Y AN 6.151Z/R"9, FBRIZ pushSingleLinkedStack &
popSingleLinkedStack ZEF L T\ %, pushsinglelinkedstack Tl&, A X v 7 DfH
EHILIZOBIZ) =<)L AN)LD CodeSegment THD n % exec LTWVWD, P,
liftMeta &/ =<V L RVDFHHRZ A Z L XV e T HHBTH 5,

FERRITAEZ BT 5457 1% where AJHICE R I N2 push TH B, THIFAZRY 2
NETEOEPETHNLEMNZITRDT, @D 5HHEH 7212 element Z/EFK L T top
ZHEHLTWD, AKD CbC DEETRENF = v ZIF UL TWRWA, ERETH S H
DS FTIZAZ Y ZIZHA TN DI EBIEFR U TH 5,

{XIZ popSingleLinkedStack (Z{¥H T %5, ZTH 6 HEIERIT nextCS N MHiZ2 BT
X2 oTW5,

FERRITMHEZI O BTERIEIE ) — <V LN S T 72 ATE S element DIHDOHERE & |
T2 ATER\N stack DEFTH 5,

element [ZDWTIX, top WAEZRSHIY U 72 DEIZIEND T element | nothing
T b, top PAETRITNIX element I& top DEL 45,

stack [$ZERSZEDEETH D, top IMEDHNIXZDLEEIETS, T T, pop D
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FINIAR Y VP2 TH->TH, HlSh ek L7202 b T I 2 fefTTE 5 2
EDD B,

DA D 6.15: Agda IZEIT DR AV ANEHWEZAR Y 7 DEE

pushSingleLinkedStack : Meta — Meta
pushSingleLinkedStack m = M.exec (liftMeta n) (record m {stack = (push s

e) )

= Meta.nextCS m
s = Meta.stack m

e = Context.element (Meta.context m)

push : SinglelLinkedStack A — Maybe A — SinglelLinkedStack A
push s nothing = s

push s (just x) = record {top = just (cons x (top s))}

popSinglelLinkedStack : Meta — Meta
popSingleLinkedStack m = M.exec (liftMeta n) (record m {stack = (st m) ;
context = record con {element = (elem m)}})

where
n = Meta.nextCS m
con = Meta.context m

elem : Meta — Maybe A

elem record {stack = record { top
elem record {stack = record { top
st : Meta — SingleLinkedStack A
st record {stack = record { top = (just (cons _ s)) 1}}
=S}

st record {stack = record { top = nothing 3}
= nothing}

(just (cons x _)) }}
nothing +}

just x
nothing

record {top

record {top

pushSinglelLinkedStackCS : M.CodeSegment Meta Meta
pushSingleLinkedStackCS = M.cs pushSingleLinkedStack

popSinglelLinkedStackCS : M.CodeSegment Meta Meta
popSingleLinkedStackCS = M.cs popSinglelLinkedStack

E7-. TOETHD EIF72 CbC & Agda DEIET 2 Y — A 2 — RIIAEIZHEE 5,

6.8 AXwIDOEEDIH

7EF& U7z SingleLinkedStack (20 U CTREHZ {772 > TW<, T T TDREEHIE SingleLinked-
Stack DMHAFEDWEZFHOI L 2 RAETEHI L TH 5,
Bl 21X

o AKXy ZIZTMAZMEIFELY HiE 5
o HIFEBHOZ LN TED
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o AXY IMOHMEEND LTI ENTES

o AX Y IMNHLIY T MEIFMAZETH S

o ARV IMOLEEIMOHUZOZDMEIZELS 25

o ARy ZIEEBATIY HT L AR Y 7 ONRIIED SN

W% OWEND S,
2T, RBIZRLULE TAZRy ZIMEZFEATEO BT & ARy 7ORNRITED S %
W] ZEIZDOWTRLTWL, ZOWEZEARMIZEES TIEUTOLDIZR 3,

EFEG6.1 [TEDAXRY Z s Iz LT

o (LD n
o fEHx Z ML #AE push(x, s)
o % —DAXY 7 hLHLY HITH#HAE pop(s)

N 5 IR,
pop . push(n) s =s
‘t“% 60

e Agda ETEETDEV AL 6.16 DL SI1Z7%, Agda EOEHETIIAZ Y 2
ZDHEDTIFRL, ARV 72 ELERED Meta (N UTZOMEZAT S, ZOEE
DS Meta DEIZ K STED D Z &%, ARBONME O ZHIEA] & [FFRIZERE K 2 HWv
TR L TV,

UA RN 6.16: Agda (BT 2 ARy 7 DWEDES (1)

pushOnce : Meta — Meta
pushOnce m = M.exec pushSinglelLinkedStackCS m

popOnce : Meta — Meta
popUnce m = M.exec popSingleLinkedStackCS m

push-pop-type : Meta — Setl
push-pop-type meta =
M.exec (M.csComp (M.cs popOnce) (M.cs pushOnce)) meta = meta

SEEHT M0, ARy I KRIKTH S stack &, push ¥ pop 217745720
DIEZEANT 5 element TH D, TNTNLVRHEHEAMEEHESTITLTEZITVL,

o AR IMMETH HIGE
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— element D’MFET 2 5E
EBFAET 5720, push IXFETIND, push BEITINZZHDAX Y ZIZMHE
WP 572D, pop WEIIT 5, pop DI U7AERA R v 71322 L 157287t
DARy 7 LF—& DK LD,

— element 23MFE L RWES
TERFAE LR W2, push DVEITI NV, push BETI N 572720,
ARy ZIFEDEETHD, pop BE[TINLN, FERAXY ZIFEDEET
HH, TDARY 7 —HT 5,

o ARy INETIRNGE

— element DMFET 2545
element (ZF¥E I N7l n A3 push TN, AX Y ZIZ—DEAEEND, AXY
JDRHEIE n TH D720, pop BWEITINT n 3R 5, R, AXv o
IXETTHETDREBIZKE S,

— element 2MFEE LR WES
element (ZMEDFELE LR\ T28, push IZETINRN, AKX Y 7132 TR
728, pop WETI N, LHOENPELS 25, Effk, ARy 7Ed—2fzk
RoTWBD, ZHIEAD 727270\,

ARy 7 97E T <, push TAHENGFHEL RNV E SIZZOMWEIXK D YL /27m\nWZ A3
G307z, £72. element NZETHRWHIKNZREICIMA S Z & TI DA D LD &
PR

push #/E& pop HAEZEKE L TR D L AKX Y I D CIE LIND Z L 1T 00 - 77,
Z Z T SingleLinkedStack & © & #ifHl % L1 T Meta BEILININEFE XS, —HIN
HHEHIIIZK D LB Z S 72HY, push #EL pop #AEIXERIERIZFITI NS CodeSegment
ZRoTW5d, Z® CodeSegment IIMERIZFETEZ 5728, Meta NEFD DataSegement
NEZWMZONDARELDH L, Ko TINHHRIMEL TIEKD L2\,

W2 W R, CodeSegment Z$HE LT U £ XX Meta (ZBL TH push/pop D&%
ZFIRNWI L ERIETE S, £<MEEZEHE LR\ CodeSegment id % 5& LU 72X IZIXH
W Z OWENEIT D, FEEE. Agda ETHERZR 2 HRIIZIEE T, EFED O DHE
T ZDREAEET S (VAN 6.17),

728, 4Al SingleLinkedStack IZFEH Z & AT E SHIE Agda DIE¥ES 4 T 5 1) D
(Data.Nat) EYa—JLIZBIF2HABA N L LTWD, ZHEARY 7 Z2FHT 5B
BRI D B LEEICEHTH 5025 Td 5, push/pop FIEDEDMELEH Meta
TR E 5 Z 72 WHIE id-meta IZRNT WD, Zd Meta ZREENT 5 HE % Z 1T H
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D, MHEHLD CodeSegment (ZIHERAEN id ZFEEL TWD, MMA T, AX Y I D4 TH
W) where A]D meta IZRNT WD, BT AKX Y 7 DI top IZIFMEXx A A-TED,
ZTNLNEDMEIMEZR L LTWVWDE, EoTAXY Z1Ind —DLEDflERS, 2ThHR\NE
WO ZFRDE S, iEHIE refl IZXoTHEAONDS, DX DERD S HIFIZHEGw T HE
Lo TWVWD,

) Z b 6.17: Agdalz BB AKX v 7 OWEDZE (1)

id-meta : N — N — SingleLinkedStack N — Meta
id-meta n e s = record { context = record {n = n ; element = just e}
; nextCS = (N.cs id) ; stack = s}

push-pop-type : N - N — N — Element N — Setl
push-pop-type n e x s = M.exec (M.csComp {meta} (M.cs popOnce) (M.cs
pushOnce)) meta = meta
where
meta = id-meta n e record {top = just (cons x (just s))}

push-pop : (n e x : N) — (s : Element N) — push-pop-type n e x s
push-pop n e x s = refl

Z Z CHRZEW L, SingleLinkedStack DHEEED S G E BB B e Z & WSEEH&
HTIZaD-72mild b, HIZIX, CbC @ SingleLinkedStack F22% D push/pop #AEIL K
U THRII L THIEE I N CodeSegment (2 EMGET 5, ZOMHEIZED, HBEX
N7z CodeSegment (Z & > Tidk, AX v 7 DEAEIZEFRZR < Meta DHED DataSegemnt
MESHZ ONBIAREMEDLH B LD o7z, ARy 7 DEIEOBIZIT b 5k aik
ORMBEGIRIZEREZ oD, BIZIE., ARy IDBETH BRI pop 2177 - /=Kl
T —EHOMBZTR D, L\WVWoFEREFRETH S, FEPELNIK, FkOME
THAEMHIRELRLZEDERE, ZOLSIT, ERIDEDZEYNIMI AT LATELRTE
E PRI NTWIRWEEKZOARE S IERFICHEE S5 Z LM TE 5,

AEA U 7282 K 0 — 7R HEROBREREIZZIFT ARy 7 MEZ A, £ DEF UlH
BARy I ozl T & ARy ZIFBERIE ZDb o\ WS BIZHERT 5, Z
DOME%Z Agda TEHRTHELYADL 618D &S5, HAM nlEl721) push/pop T3
e %Gl d 572017 Agda EIZ n-push BIEE n-pop BAEIZEHRL TWBH, TNhEN
—EHER TR o T RICHBRNICES 2R TR TH 5,

DA 6.18: Agda (2B B ARy 7 DWEDES (2)

n-push : {m : Meta} {{_ : M.DataSegment Meta}} (n : N) — M.CodeSegment

Meta Meta
n-push {{mm}} (zero) M.cs {{mm}} {{mm}} id
n-push {m} {{mm}} (suc n) = M.cs {{mm}} {{mm}} (\m — M.exec {{mm}} {{mm

}} (n-push {m} {{mm}} n) (pushOnce m))

n-pop : {m : Meta} {{_ : M.DataSegment Meta}} (n : N) — M.CodeSegment
Meta Meta
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n-pop {{mm}} (zero) M.cs {{mm}} {{mm}} id
n-pop {m} {{mm}} (suc n) = M.cs {{mm}} {{mm}} (\m — M.exec {{mm}} {{mm}}
(n-pop {m} {{mm}} n) (popOnce m))

pop—n-push-type : N —- N — N — SingleLinkedStack N — Setl
pop—n-push-type n cn ce s = M.exec (M.csComp {meta} (M.cs popOnce) (n-
push {meta} (suc n))) meta
= M.exec (n-push {meta} n) meta
where
meta = id-meta cn ce s

COMEOMIHIZDLXEMTH D, i SoLITRTEY AN 6.19D Xk SIZEFHHT
R

UA D 6.19: Agda IZ81F B A Xy 7 DYEEDFE (2)

1 |pop—n-push-type : N - N — N — SingleLinkedStack N — Setl

pop—n-push-type n cn ce s = M.exec (M.csComp (M.cs popOnce) (n-push (suc
n))) meta
= M.exec (n-push n) meta
where
meta = id-meta cn ce s

pop—n-push : (n cn ce : N) — (s : SingleLinkedStack N) — pop-n-push-
type n cn ce s
pop—n-push zero cn ce s = refl
pop—n-push (suc n) cn ce s = begin
M.exec (M.csComp (M.cs popOnce) (n-push (suc (suc n)))) (id-meta cn
ce s)
=( refl )
M.exec (M.csComp (M.cs popOnce) (M.csComp (n-push (suc n)) (M.cs
pushOnce))) (id-meta cn ce s)
=( exec-comp (M.cs popOnce) (M.csComp (n-push (suc n)) (M.cs pushOnce |
)) (id-meta cn ce s) )
M.exec (M.cs popOnce) (M.exec (M.csComp (n-push (suc n)) (M.cs
pushOnce)) (id-meta cn ce s))
=( cong (\x — M.exec (M.cs popOnce) x) (exec-comp (n-push (suc n)) (M. |
cs pushOnce) (id-meta cn ce s)) )
M.exec (M.cs popOnce) (M.exec (n-push (suc n))(M.exec (M.cs pushOnce)
(id-meta cn ce s)))
=( refl )
M.exec (M.cs popOnce) (M.exec (n-push (suc n)) (id-meta cn ce (record
{top = just (cons ce (SingleLinkedStack.top s))1})))
=( sym (exec-comp (M.cs popOnce) (n-push (suc n)) (id-meta cn ce ( \
record {top = just (cons ce (SingleLinkedStack.top s))}))) )
M.exec (M.csComp (M.cs popOnce) (n-push (suc n))) (id-meta cn ce (
record {top = just (cons ce (SingleLinkedStack.top s))}))
=( pop—n-push n cn ce (record {top = just (cons ce (SingleLinkedStack. |
top s))}) )
M.exec (n-push n) (id-meta cn ce (record {top = just (cons ce (
SingleLinkedStack.top s))}))
=( refl )
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M.exec (n-push n) (pushOnce (id-meta cn ce s))

=( refl )

M.exec (n-push n) (M.exec (M.cs pushOnce) (id-meta cn ce s))
( refl )

.exec (n-push (suc n)) (id-meta cn ce s)

=

n-push-pop-type : N - N — N — SingleLinkedStack N — Setl
n-push-pop-type n cn ce st = M.exec (M.csComp (n-pop n) (n-push n)) meta
= meta
where
meta = id-meta cn ce st

n-push-pop : (n cn ce : N) — (s : SingleLinkedStack N) — n-push-pop-
type n cn ce s
n-push-pop zero cn ce s = refl
n-push-pop (suc n) cn ce s = begin
M.exec (M.csComp (n-pop (suc n)) (n-push (suc n))) (id-meta cn ce s)
=( refl
M.<exec (I‘zl.csComp (M.cs (\m — M.exec (n-pop n) (popOnce m))) (n-push (
suc n))) (id-meta cn ce s)
=( exec-comp (M.cs (\m — M.exec (n-pop n) (popOnce m))) (n-push (suc n
)) (id-meta cn ce s) )
M.exec (M.cs (\m — M.exec (n-pop n) (popOnce m))) (M.exec (n-push (
suc n)) (id-meta cn ce s))
=( refl )
M.exec (n-pop n) (popOnce (M.exec (n-push (suc n)) (id-meta cn ce s)))
=( refl
M.<exec (r>1—pop n) (M.exec (M.cs popOnce) (M.exec (n-push (suc n)) (id-
meta cn ce s)))
=( cong (\x — M.exec (n-pop n) x) (sym (exec-comp (M.cs popOnce) (n-
push (suc n)) (id-meta cn ce s)))
M.exec (n-pop n) (M.exec (M.csComp (M.cs popOnce) (n-push (suc n))) (id
-meta cn ce s))
=( cong (\x — M.exec (n-pop n) x) (pop-n-push n cn ce s) )
M.exec (n-pop n) (M.exec (n-push n) (id-meta cn ce s))
=( sym (exec-comp (n-pop n) (n-push n) (id-meta cn ce s)) )
M.exec (M.csComp (n-pop n) (n-push n)) (id-meta cn ce s)
=( n-push-pop n cn ce s
d-meta cn ce s

i
]

N ND &S R DFEHIZ > TW 5,
e nfAlpush U782 nlEl pop UTHAKRIZZLS ] £\ 5 EH % n-push-pop & H <,

e n-push-pop IFHAK n LKED Meta IZX L T
exec (n-pop (suc n)) . (n-push (suc n))) m = m KDDL THS
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o FED Meta &%, push/pop FIEDEDMEAEAY DataSegment % 255 L 72\ Meta
Th >,

o X7z, fEHIALD72HIZ csComp IZ &% CodeSegment DA E —IHHE T . £ B <
— HBIZIX exec (csComp f g) x L exec (f . g) x &2 5,
e n-push-pop % A9 % 72 D pop-n-push ZEHKT %

e n—push-pop &% n+1E push L C1[H pop 52 &k, nlElpush§ 5 & &%
LW EWHHIETH D,

e n-push-pop & exec (pop . n-push (suc n)) m = exec (n-push n) m &R
TE %,

e n-push-pop D n M zero DIFFIE D IZH D LD,

e n-push-pop ® n M zero TRV (sucn TH L) IFATD K S IZFEHTE 5,

— exec (n-push (suc n)) m % X &£8X

— exec (pop . n-push (suc (suc n))) m = X

— n-push DEFH KD exec (pop . (n-push (suc n) . push)) m = X

— fi#iE exec-comp & Y exec (pop (exec (n-push (suc n) . push) m)) = X

— fi#liiH exec-comp & U exec (pop (exec (n-push (suc n) (exec push m)))) = X
— —Epush UZ#EREZ n’ £B< & exec (pop (exec (n-push (suc n) m’))) = X
— n-push-pop &V exec (exec (n-push n m’)) = X

— push DEFE LD exec (exec (n-push n (exec push m))) = X

— n-push DEHZR L D exec (exec (n-push (suc n) m) = X &4 5%

- Z{FA—DHICEETE 2O T’ T

e KIZ n-push-pop DAEIH%Z /RT,

e n-push-pop ® n M zero DI, suc zero [MD push/pop HMTHRDLNB 72D,
push-pop & D & Y 32D,

e n-push-pop M n A% zero THRWIRHILAFIZ X DEEIATE 5,

— exec ((n-pop (suc n)) . (n-push (suc n))) m = m Z/RENITEL,
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— XIZ{EH U7z n-pop DEFK L D exec (n-pop n) . pop . (n-push (suc n)) m =m

— exec-comp XV exec (n-pop n) (exec pop (n-push (suc n)) m) = m

— exec-comp & Y exec (n-pop n) (exec pop (exec (n-push (suc n)) m)) = m

— exec-comp K O exec (n-pop n) (exec pop . (n-push (suc n)) m) = m

— pop-n-push &V exec (n-pop n) (exec (n-push n) m) = m

— n-push-pop £V m = m LR DEEBHK T,

— 28, n-push-pop & (suc n) 2% n TP T B720, HEFEITIFILTEZLH S
HE%HSOFEHICEAL TWa,

push-pop % —#%{t U 7z n-push-pop %ZZEHIT 5 Z & AT &7z, n-push-pop (FiEHH D&
i CHfiRE pop-n-push & push-pop ZFIHLUZEHETHS, ZDLDIZ, CbC Titih T
=707 T L% Agda BIZRER TSI LT, T AMEEOWEZEME UCHEHT A2 &
MTETz, Tho DM E CbC DA VRS TRT UV RA L, ETNVF v IR
FAALZ 12L& D CbC 1K ChC TR I NI — NZFHT I DN TE S LH1TR
%, B, KX T o> TWB Agda DY — AT — NIFA[FMED [ LD 72 D12 2R
R EAME L TW\WD, SERML I — NI T,
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BTHE X

KX TIE A ZEHHE%Z W7z Continuation based C 7’127 Z A DMEETE%E DS
U7z,

—DRETNUREN LT T —FThH D, AXEFET 1 75 akasha & HWT GearsOS
DI R BARD R 2 EZE L7z, CbC IZBIF S RO ETH T assert (IZJETHwEEA L L
TEHI N, REBOKA BT IFRERSE meta Z2V)VER LI L TEBTE 7, CbC T
LR I N IEMIERBEARD T 0 T L ERBGEHICAET T2 Z L7 <, CbC HEY THEEL
72o WGETE 7-#iPHITEROBERZBOATHHH, BRETIVF v H CBMC LD EHK
SR HIPH &2 MEE L 72,

ZODIXEBEEHMN AR T J a0 —F TH S, akasha % FH W7 MREE Tl ARIEIIA R D
BIZRESINT W, 7075 L2EHEINTHZ I8 0, FEROEEDEIEIZENT
EMEE2EH TS, W E2FH LT CbC ORIY AT LADEZEEITHRV, EKEFERZ2FFD
Sk Agda ETHMTAZ LT ChC DERWREEL Uiz, Agda LT X7z CbC
TS LAOWEEGHTSZ LT, CbC PR TELALBMITITEDLZ L, HKiF
% CbC I VA FITHARAL Z L TChC HEZFEHTE 5 Z L8300 o 7=,

72, BV AT LMFEEHDAMC B EHICRIHTE 5 Z 2 239D o 7z, akasha ZH W
THEEZ 1T S B, 2 TD CodeSegment 12X U T stub 22—V EHRT 2HENDH -
77o CbC DA ERETHZ LIZL D, stub DHEVER L F = v I BT AT L0450
nolz,

7.1 SROFE

SBOBEL LT, MO 2T LAOFFMRMEEOMN A H 5, AL TIEHIHOEEE
CbC 1Zi#H U7z, CodeSegment IXBEIFOH L2 RETUMNHF I RWHIELH 5 DT,
AR ORI 2 L DHIRTE 21T TH S, TOHIKDOITIZEEFNZFHBEMERRDRD
M P RBLEITHLIR D D 5,

¥z, BEUEZBY AT L% CbC IS T ONHIZH ARAA, CodeSegment &
DataSegment DHIF v 7 21770 Z B K DIZ L7720, MATHAMEZMARADGZ 212X
b, stub DHEVEKATE S, T SITKFMZIMANIE CbC T CbC HEZFEHITE 5 &
312725, fiZ$ SingleLinkedStack DFEHH % JLIZ U7z R BARDIFALR EDNREZ 55,
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ETIVRENT 70 —FOREL LTI, MERZ CbC a2 231 FI125% L, BER
AW SEITCREBOIIEZTRI VAT LOMEELREDNH 5,

Frz, BT LADIERE U TR % CbC ICHAT A Z L HEIToNb, £
FHENX Java BBV 2 VAR C++ ITBIT5 Ty T — MIHEYS L, 2—)E
ETCELT—XEEORBBEEN VM ET 2, fiuzd, CbC ORISR HEGma DFEE A L
NEFLND,
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AIFFEDELT. AL DIERIZ D720 HEICITH b S TR 72 2 (455 & %0z
200 UL MBHERIEBRRISODE D RGEHBL XY, TUT, T e T wEs i
SIBWEIE LU Z® > TR TS NMSNEHIFREDRTD A VN —IZEHEL £,
BRI, AREFZLREZ IO DU 2B T2 RS R CLEER ORI
T AT N FKIRIZHR  REEHEL £ 97,
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A-1 ENHLDEFE
DA A11IZ Agda ETEFE L7 CbC OEHILDEHE S RT,

DA Al Agda ETEZE L 72 CbC OIS EDEF (subtype.agda)

open import Level
open import Relation.Binary.PropositionalEquality

module subtype {1 : Level} (Context : Set 1) where

record DataSegment {11 : Level} (A : Set 11) : Set (1 U 11) where
field
get : Context — A
set : Context — A — Context
open DataSegment

data CodeSegment {11 12 : Level} (A : Set 11) (B : Set 12) : Set (1 U 11
L 12) where
cs : {{_ : DataSegment A}} {{_ : DataSegment B}} — (A — B) —
CodeSegment A B

goto : {11 12 : Level} {I : Set 11} {0 : Set 12} — CodeSegment I 0 — I
— 0
goto (cs b) i =b i

exec : {11 12 : Level} {I : Set 11} {0 : Set 12} {{_ : DataSegment I}} {{
_ : DataSegment 0}}
— CodeSegment I 0 — Context — Context
exec {1} {{i}} {{o}} (cs b) c = set o c (b (get i c))

comp : {con : Context} — {11 12 13 14 : Level}
{A : Set 11} {B : Set 12} {C : Set 13} {D : Set 14}
{{_ : DataSegment A}} {{_ : DataSegment B}} {{_ : DataSegment C}}
{{_ : DataSegment D}}
— (¢ —-D) - (A—-B) —A—D
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comg {con} {{i}} {{io}} {{oi}} {{o}} g f x = g (get oi (set io con (f x))

csComp : {con : Context} — {11 12 13 14 : Level}
{A : Set 11} {B : Set 12} {C : Set 13} {D : Set 14}
{{_ : DataSegment A}} {{_ : DataSegment B}} {{_ : DataSegment C
> {{_ : DataSegment D}}
— CodeSegment C D — CodeSegment A B — CodeSegment A D
csComp {con} {A} {B} {C} {D} {{da}} {{db}} {{dc}} {{dd}} (cs g) (cs £)
= cs {{da}} {{dd}} (comp {con} {{da}} {{db}} {{dc}} {{dd}} g £)

comp-associative : {A B CDEF : Set 1} {con : Context}
{{da : DataSegment A}} {{db : DataSegment B}} {{dc :
DataSegment C}}
{{dd : DataSegment D}} {{de : DataSegment E}} {{df :
DataSegment F}}
— (a : CodeSegment A B) (b : CodeSegment C D) (c :
CodeSegment E F)
— csComp {con} ¢ (csComp {con} b a) = csComp {con} (
csComp {con} c b) a
comp-associative (cs _) (cs _) (cs _) = refl

A-2 J—< )NV L R)VEEDOEST

6.3HITH Y EIF/zY—2a—=FK%21U AN A2I1Z;RT, CbC DIA—RIZXHiEdF 5
&9 Agda LD Data.Nat % Int EWHHKANIEE L TW 5,

DA A2 ) =<)L AOVEHEBID 7470 — 2 3 — K (atton-master-sample.agda)

module atton-master—-sample where

open import Data.Nat
open import Data.Unit
open import Function
Int = N

record Context : Set where
field
a : Int
b : Int
c : Int

open import subtype Context

record dsO : Set where
field
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a Int
b Int
record dsl : Set where
field
c : Int
instance

_ : DataSegment dsO
= record { set

; get

B’
: DataSegment dsl
record { set
; get

(\c¢ d — record c {a =
(\¢ = record { a

(\¢ d — record c {c
(\¢c — record { ¢ =

cs2 : CodeSegment dsl dsl
cs2 = cs 1id

csl : CodeSegment dsl dsl
csl = cs (\d — goto cs2 d)

cs0 : CodeSegment dsO dsl

(ds0.a d) ; b = (ds0.b d)})

(Context.a c) ; b = (Context.b

(dst.c d)})
(Context.c c)})}

csO = cs (\d — goto csl (record {c = (dsO.a d) + (dsO0.b d)}))

main : dsi
main = goto csO (record {a = 100 ; b = 50})

A-3 AR VUN)VEEDET

6.6 HiTHLY FIF/2Y —Aa—FK%2D A~ A3IZRT,

DA DN A3 ARVAVERBFIDOFES72Y — A T — N (atton-master-meta-sample.agda)

module atton-master-meta-sample where

open import Data.Nat
open import Data.Unit
open import Function
Int = N
record Context : Set where
field

a : Int

b : Int

c : Int

open import subtype Context as N

record Meta : Set where
field
context : Context
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c’ : Int
next : N.CodeSegment Context Context

open import subtype Meta as M

instance

_ : N.DataSegment Context
record { get id ; set = (\_ ¢c — ¢) }
M.DataSegment Context
record { get = (\m — Meta.context m) ;

set = (\m ¢ — record m {context = c}) }

: M.DataSegment Meta
record { get = id ; set = (\_m — m) }

liftContext : {X Y : Set} {{_ : N.DataSegment X}} {{_ : N.DataSegment Y}}
— N.CodeSegment X Y — N.CodeSegment Context Context
liftContext {{x}} {{y}} (N.cs f) = N.cs (\c — N.DataSegment.set y c (f (
N.DataSegment.get x c)))

liftMeta : {X Y : Set} {{_ : M.DataSegment X}} {{_ : M.DataSegment Y}}
— N.CodeSegment X Y — M.CodeSegment X Y
liftMeta (N.cs f) = M.cs f

gotoMeta : {I 0 : Set} {{_ : N.DataSegment I}} {{_ : N.DataSegment 0}}
— M.CodeSegment Meta Meta — N.CodeSegment I 0 — Meta — Meta
gotoMeta mCode code m = M.exec mCode (record m {next = (liftContext code)

b

push : M.CodeSegment Meta Meta
push = M.cs (\m — M.exec (liftMeta (Meta.next m)) (record m {c’ =
Context.c (Meta.context m)}))

record dsO : Set where

field
a : Int
b : Int
record dsl : Set where
field
c : Int
instance

_ : N.DataSegment dsO
= record { set (\¢c d — record c {a = (ds0.a d) ; b = (ds0.b d)})

; get (\¢ - record { a = (Context.a c) ; b = (Context.b
B}

: N.DataSegment dsl
record { set = (\c d — record c {c = (dsi.c d)})
; get = (\¢c =& record { c = (Context.c c)})}

cs2 : N.CodeSegment dsl dsl
cs2 = N.cs id
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csl : N.CodeSegment dsl dsi
csl = N.cs (\d — N.goto cs2 d)

csO0 : N.CodeSegment dsO dsi
csO = N.cs (\d = N.goto csl (record {c = (dsO.a d) + (dsO.b d)}))

main : Meta

main = gotoMeta push csO (record {context = (record {a = 100 ; b = 50 ; c
=70}) ; ¢’ =0 ; next = (N.cs id)})

-- record {context = record {a = 100 ; b =50 ; ¢ = 150} ; ¢’ = 70 ; next
= (N.cs id)}

A-4 Agda %#H\ 7z Continuation based C DIRAE
6.7HiTHLY EIF2Y — A3 = RKELATFIZRT,

U A D A4 Agda ZH\W7z Continuation based C OMRGEE 2 — K (SingleLinkedStack.chc)

#include "../context.h"
#include "../origin_cs.h"
#include <stdio.h>

// typedef struct SingleLinkedStack {
// struct Element* top;
// } SingleLinkedStack;

Stack* createSingleLinkedStack(struct Context* context) {
struct Stack* stack = new Stack();
struct SingleLinkedStack* singleLinkedStack = new SingleLinkedStack()
stack->stack = (union Datax)singleLinkedStack;
singleLinkedStack->top = NULL;
stack->push = C_pushSinglelLinkedStack;
stack->pop C_popSinglelLinkedStack;
stack->pop2 = C_pop2SinglelinkedStack;
stack->get C_getSinglelLinkedStack;
stack->get2 = C_get2SinglelinkedStack;
stack->isEmpty = C_isEmptySingleLinkedStack;
stack->clear = C_clearSingleLinkedStack;
return stack;

}

void printStackl(union Datax data) {
struct Node* node = &data->Element.data->Node;
if (node == NULL) {
printf ("NULL") ;
} else {
printf("key = %d ,", node->key);
printStackl((union Datax)data->Element.next);
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void printStack(union Data* data) {
printStackl(data);
printf("\n");

__code clearSingleLinkedStack(struct SingleLinkedStack* stack,__code next

(..0) A
stack->top = NULL;
goto next(...);

) ——

3

__code pushSingleLinkedStack(struct SingleLinkedStack* stack,union Datax
data, __code next(...)) {
Element* element = new Element();
element->next = stack->top;
element->data = data;
stack->top = element;
goto next(...);

3

__code popSingleLinkedStack(struct SingleLinkedStack* stack
union Datax* data, ...)) {
if (stack->top) {
data = stack->top->data;
stack->top = stack->top—>next;

code next(

b —_—

} else {
data = NULL;
+
goto next(data, ...);

}

__code pop2SingleLinkedStack(struct SingleLinkedStack* stack
(union Data* data, union Data* datal, ...)) {
if (stack->top) {
data = stack->top->data;
stack->top = stack->top—>next;
} else {
data = NULL;
+

if (stack->top) {
datal = stack->top->data;
stack->top = stack->top—>next;

code next

b —_—

} else {
datal = NULL;
+
goto next(data, datal, ...);

__code getSingleLinkedStack(struct SingleLinkedStack* stack code next(

| J——
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union Datax* data, ...)) {
if (stack->top)
data = stack->top->data;
else
data = NULL;
goto next(data, ...);
}

__code get2SingleLinkedStack(struct SingleLinkedStack* stack
(union Data* data, union Datax datal, ...)) {
if (stack->top) {
data = stack->top->data;
if (stack->top->next) {
datal = stack->top—>next->data;
} else {
datal = NULL;
b

} else {
data = NULL;
datal = NULL;

code next

b _—

}
goto next(data, datal, ...);

3

__code isEmptySingleLinkedStack(struct SingleLinkedStack* stack
next(...), __code whenEmpty(...)) {
if (stack->top)
goto next(...);
else
goto whenEmpty(...);

code

b —_—

Y X~ A5 Agda % i\ 7z Continuation based C O#EE T — F (stack-subtype.agda)

open import Level hiding (1lift)

open import Data.Maybe

open import Data.Product

open import Data.Nat hiding (suc)
open import Function

module stack-subtype (A : Set) where
-- data definitions

data Element (a : Set) : Set where
cons : a — Maybe (Element a) — Element a

datum : {a : Set} — Element a — a
datum (cons a _) = a

next : {a : Set} — Element a — Maybe (Element a)
next (cons _ n) =n

record SingleLinkedStack (a : Set) : Set where
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field
top : Maybe (Element a)
open SinglelinkedStack

record Context : Set where
field
-- fields for concrete data segments
n : N
-- fields for stack
element : Maybe A

open import subtype Context as N

instance
ContextIsDataSegment : N.DataSegment Context
ContextIsDataSegment = record {get = (\c — ¢) ; set = (\_ ¢ — ¢)}

record Meta : Setl where
field
—-- context as set of data segments
context : Context
stack : SingleLinkedStack A
nextCS : N.CodeSegment Context Context

open import subtype Meta as M

instance
MetalncludeContext : M.DataSegment Context
MetaIncludeContext = record { get = Meta.context
; set = (\m ¢ — record m {context = c}) }
MetalsMetaDataSegment : M.DataSegment Meta
MetaIsMetaDataSegment = record { get = (\m — m) ; set = (\_m — m) }

liftMeta : {X Y : Set} {{_ : M.DataSegment X}} {{_ : M.DataSegment Y}}
— N.CodeSegment X Y — M.CodeSegment X Y
liftMeta (N.cs f) = M.cs f

liftContext : {X Y : Set} {{_ : N.DataSegment X}} {{_ : N.DataSegment Y}}
— N.CodeSegment X Y — N.CodeSegment Context Context
liftContext {{x}} {{y}} (N.cs f) = N.cs (\c — N.DataSegment.set y c (f (
N.DataSegment.get x c)))
—-- definition based from Gears(209:5708390a9d88) src/parallel_execution

emptySingleLinkedStack : SingleLinkedStack A
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emptySingleLinkedStack = record {top = nothing}

pushSingleLinkedStack : Meta — Meta

pushSingleLinkedStack m = M.exec (liftMeta n) (record m {stack = (push s

e) })

n = Meta.nextCS m
s = Meta.stack m
e = Context.element (Meta.context m)

push : SinglelLinkedStack A — Maybe A — SinglelLinkedStack A

push s nothing s

push s (just x)

popSingleLinkedStack : Meta — Meta

record {top = just (cons x (top s))}

popSingleLinkedStack m = M.exec (liftMeta n) (record m {stack = (st m) ;

context = record con {element = (elem m)1}})
where

n = Meta.nextCS m

con = Meta.context m

elem : Meta — Maybe A

elem record {stack = record { top

elem record {stack = record { top

st : Meta — SingleLinkedStack A

nothing

st record {stack = record { top = (just (cons _ s)) }}

= s}
st record {stack = record { top = nothing
= nothing}

pushSinglelLinkedStackCS : M.CodeSegment Meta Meta
pushSingleLinkedStackCS = M.cs pushSinglelLinkedStack

popSinglelLinkedStackCS : M.CodeSegment Meta Meta
popSingleLinkedStackCS = M.cs popSinglelLinkedStack

-- for sample

firstContext : Context
firstContext = record {element = nothing ; n = 0}

firstMeta : Meta

firstMeta = record { context = firstContext
; stack = emptySinglelLinkedStack
; nextCS = (N.cs (\m — m))
}

1}

(just (cons x _)) }}

I3s

just x
nothing

record {top

record {top
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A-5 AR w7 DEZEZOWKREE
6.8 THY EIFY—ZAa—FK%Z ) AN A6IZRT,

DA N A6 A&y 7 DEEDMGEET — K (stack-subtype-sample.agda)

module stack-subtype-sample where

open import Level renaming (suc to S ; zero to 0)
open import Function

open import Data.Nat

open import Data.Maybe

open import Relation.Binary.PropositionalEquality

open import stack-subtype N
open import subtype Context as N
open import subtype Meta as M

record Num : Set where
field
num : N

instance
NumIsNormalDataSegment : N.DataSegment Num

NumIsNormalDataSegment = record { get = (\c¢c — record { num = Context.n

cH)

; set = (\¢c n — record ¢ {n = Num.num

n})}
NumIsMetaDataSegment : M.DataSegment Num

NumIsMetaDataSegment = record { get = (\m — record {num = Context.n (

Meta.context m)})
; set = (\m n — record m {context
record (Meta.context m) {n = Num.num n}})}

plus3 : Num — Num
plus3 record { num = n } = record {num = n + 3}

plus3CS : N.CodeSegment Num Num
plus3CS = N.cs plus3

plusbAndPushWithPlus3 : {mc : Meta} {{_ : N.DataSegment Num}}
— M.CodeSegment Num (Meta)

plus5AndPushWithPlus3 {mc} {{nn}} = M.cs (\n — record {context = con n ;

nextCS = (liftContext {{nn}} {{nn}} plus3CS) ; stack = st} )
where

co = Meta.context mc

con : Num — Context

con record { num = num } = N.DataSegment.set nn co record {num

+ 5}

st = Meta.stack mc
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push-sample : {{_ : N.DataSegment Num}} {{_ : M.DataSegment Num}} —
Meta
push-sample {{nd}} {{md}} = M.exec {{md}} (plus5AndPushWithPlus3 {mc} {{

nd}}) mc
where
con record { n = 4 ; element = just 0}

code = N.cs (\c — ¢)
mc = record {context = con ; stack = emptySingleLinkedStack ;
nextCS = code}

push-sample-equiv : push-sample = record { nextCS = liftContext plus3CS
; stack = record { top =
nothing}

; context = record { n = 9} }
push-sample-equiv = refl

pushed-sample : {m : Meta} {{_ : N.DataSegment Num}} {{_ : M.DataSegment
Num}} — Meta

pushed-sample {m} {{nd}} {{md}} = M.exec {{md}} (M.csComp {m} {{md}}
pushSingleLinkedStackCS (plus5AndPushWithPlus3 {mc} {{nd}})) mc

where

con = record { n = 4 ; element = just 0}

code = N.cs (\c — ¢)

mc = record {context = con ; stack = emptySingleLinkedStack ;

nextCS = code}

pushed-sample-equiv : {m : Meta} —
pushed-sample {m} = record { nextCS = liftContext
plus3CS
record {

; stack
top = just (cons O nothing) }

= 12} }

pushed-sample-equiv = refl

; context = record { n

pushNum : N.CodeSegment Context Context
pushNum = N.cs pn

where
pn : Context — Context
pn record { n = n } = record { n = pred n ; element = just n}

pushOnce : Meta — Meta
pushOnce m = M.exec pushSingleLinkedStackCS m
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n-push : {m : Meta} {{_ : M.DataSegment Meta}} (n : N) — M.CodeSegment

Meta Meta
n-push {{mm}} (zero) M.cs {{mm}} {{mm}} id
n-push {m} {{mm}} (suc n) = M.cs {{mm}} {{mm}} (\m — M.exec {{mm}} {{mm

}} (n-push {m} {{mm}} n) (pushOnce m))

popOnce : Meta — Meta
popOnce m = M.exec popSingleLinkedStackCS m

n-pop : {m : Meta} {{_ : M.DataSegment Meta}} (n : N) — M.CodeSegment

Meta Meta
n-pop {{mm}} (zero) M.cs {{mm}} {{mm}} id
n-pop {m} {{mm}} (suc n) = M.cs {{mm}} {{mm}} (\m — M.exec {{mm}} {{mm}}

(n-pop {m} {{mm}} n) (popOnce m))

initMeta : N — Maybe N — N.CodeSegment Context Context — Meta
initMeta n mn code = record { context = record { n = n ; element = mn}

; stack = emptySingleLinkedStack
; nextCS = code
}

n-push-cs-exec = M.exec (n-push {meta} 3) meta

where
meta = (initMeta 5 (just 9) pushNum)

n-push-cs-exec-equiv : n-push-cs-exec = record { nextCS = pushNum
; context = record {n = 2
; element = just 3}
; stack = record {top =
just (cons 4 (just (cons 5 (just (cons 9 nothing)))))}}
n-push-cs-exec-equiv = refl

n-pop-cs-exec = M.exec (n-pop {meta} 4) meta

where
meta = record { nextCS N.cs id
; context = record { n = 0 ; element = nothing}
; stack record {top = just (cons 9 (just (comns 8 (

just (cons 7 (just (cons % (just (cons 5 nothing)))))))))}
by

n-pop-cs-exec-equiv : n-pop-cs-exec = record { nextCS = N.cs id
; context = record { n =0
; element = just 6}

; stack = record { top

3

just (cons 5 nothing)}

n-pop-cs—exec—equiv = refl
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open =-Reasoning

id-meta : N — N — SingleLinkedStack N — Meta
id-meta n e s = record { context = record {n = n ; element = just e}
; nextCS = (N.cs id) ; stack = s}

exec-comp : (f g : M.CodeSegment Meta Meta) (m : Meta) — M.exec (M.
csComp {m} f g) m = M.exec £ (M.exec g m)
exec-comp (M.cs x) (M.cs _) m = refl

push-pop-type : N - N — N — Element N — Setl
push-pop-type n e x s = M.exec (M.csComp {meta} (M.cs popOnce) (M.cs
pushOnce)) meta = meta
where
meta = id-meta n e record {top = just (cons x (just s))}

push-pop : (n e x : N) — (s : Element N) — push-pop-type n e x s
push-pop n e x s = refl

pop—n-push-type : N - N — N — SingleLinkedStack N — Setl
pop—n-push-type n cn ce s = M.exec (M.csComp {meta} (M.cs popOnce) (n-
push {meta} (suc n))) meta
= M.exec (n-push {meta} n) meta
where
meta = id-meta cn ce s

pop—n-push : (n cn ce : N) — (s : SingleLinkedStack N) — pop-n-push-
type n cn ce s

pop—n-push zero cn ce s refl
pop—n-push (suc n) cn ce s = begin

M.exec (M.csComp {id-meta cn ce s} (M.cs popOnce) (n-push {id-meta cn
ce (record {top = just (cons ce (SingleLinkedStack.top s))})} (suc (
suc n)))) (id-meta cn ce s)

=( refl )

M.exec (M.csComp {id-meta cn ce s} (M.cs popOnce) (M.csComp {id-meta cn

ce s} (n-push {id-meta cn ce (record {top = just (cons ce (
SingleLinkedStack.top s))})} (suc n)) (M.cs pushOnce))) (id-meta cn ce
s)

=( exec-comp (M.cs popOnce) (M.csComp {id-meta cn ce s} (n-push {id-
meta cn ce (record {top = just (cons ce (SingleLinkedStack.top s))})}
(suc n)) (M.cs pushOnce)) (id-meta cn ce s) )

M.exec (M.cs popOnce) (M.exec (M.csComp {id-meta cn ce s} (n-push {id-
meta cn ce (record {top = just (cons ce (SingleLinkedStack.top s))})}
(suc n)) (M.cs pushOnce)) (id-meta cn ce s))

=( cong (\x — M.exec (M.cs popOnce) x) (exec-comp (n-push {id-meta cn
ce (record {top = just (cons ce (SingleLinkedStack.top s))})} (suc n))

(M.cs pushOnce) (id-meta cn ce s)) )
M.exec (M.cs popOnce) (M.exec (n-push {id-meta cn ce (record {top =
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just (cons ce (SingleLinkedStack.top s))})} (suc n))(M.exec (M.cs
pushOnce) (id-meta cn ce s)))

170 | =( refl )

171 | M.exec (M.cs popOnce) (M.exec (n-push {id-meta cn ce (record {top =
just (cons ce (SingleLinkedStack.top s))})} (suc n)) (id-meta cn ce (
record {top = just (cons ce (SingleLinkedStack.top s))})))

172 =( sym (exec-comp (M.cs popOnce) (n-push {id-meta cn ce (record {top
just (cons ce (SingleLinkedStack.top s))})} (suc n)) (id-meta cn ce
record {top = just (cons ce (SingleLinkedStack.top s))}))) )

173 | M.exec (M.csComp {id-meta cn ce s} (M.cs popOnce) (n-push {id-meta cn
ce (record {top = just (cons ce (SingleLinkedStack.top s))})} (suc n))
) (id-meta cn ce (record {top = just (cons ce (SingleLinkedStack.top s
))1))

1714 |  =( pop-n-push n cn ce (record {top = just (cons ce (SingleLinkedStack.
top s))}) )

175 | M.exec (n-push n) (id-meta cn ce (record {top = just (cons ce (
SingleLinkedStack.top s))}))

~

176 | =( refl )

177 | M.exec (n-push n) (pushOnce (id-meta cn ce s))

178 | =( refl )

179 | M.exec (n-push n) (M.exec (M.cs pushOnce) (id-meta cn ce s))
180 | =( refl )

181 | M.exec (n-push {id-meta cn ce s} (suc n)) (id-meta cn ce s)
182 [

183

184

185

186 |n-push-pop-type : N - N — N — SingleLinkedStack N — Setl

187 |n—push-pop-type n cn ce st = M.exec (M.csComp {meta} (n-pop {meta} n) (n-

push {meta} n)) meta = meta

188 where

189 meta = id-meta cn ce st

190

191 |n-push-pop : (n cn ce : N) — (s : SingleLinkedStack N) — n-push-pop-

type n cn ce s

192 |n-push-pop zero cn ce s = refl

193 |[n-push-pop (suc n) cn ce s = begin

194 | M.exec (M.csComp {id-meta cn ce s} (n-pop {id-meta cn ce s} (suc n)) (

n-push {id-meta cn ce s} (suc n))) (id-meta cn ce s)

195 | =( refl )

196 | M.exec (M.csComp {id-meta cn ce s} (M.cs (\m — M.exec (n-pop {id-

meta cn ce s} n) (popOnce m))) (n-push {id-meta cn ce s} (suc n))) (id

-meta cn ce s)

197 | =( exec-comp (M.cs (\m — M.exec (n-pop n) (popOnce m))) (n-push {id-

meta cn ce s} (suc n)) (id-meta cn ce s)

198 | M.exec (M.cs (\m — M.exec (n-pop {id-meta cn ce s} n) (popOnce m)))

(M.exec (n-push {id-meta cn ce s} (suc n)) (id-meta cn ce s))

199 | =( refl )

200 | M.exec (n-pop n) (popOnce (M.exec (n-push {id-meta cn ce s} (suc n)) (
id-meta cn ce s)))

201 | =( refl )

202 | M.exec (n-pop n) (M.exec (M.cs popOnce) (M.exec (n-push {id-meta cn ce
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s} (suc n)) (id-meta cn ce 8)))

=( cong (\x — M.exec (n-pop {id-meta cn ce s} n) x) (sym (exec-comp
(M.cs popOnce) (n-push {id-meta cn ce s} (suc n)) (id-meta cn ce s)))

M.exec (n-pop n) (M.exec (M.csComp {id-meta cn ce s} (M.cs popOnce) (n-
push {id-meta cn ce s} (suc n))) (id-meta cn ce s))

=( cong (\x — M.exec (n-pop {id-meta cn ce s} n) x) (pop-n-push n cn
ce s)

M.exec 2n—pop n) (M.exec (n-push n) (id-meta cn ce s))

=( sym (exec-comp (n-pop n) (n-push n) (id-meta cn ce s)) )

M.exec (M.csComp (n-pop n) (n-push n)) (id-meta cn ce s)

=( n-push-pop n cn ce s

id-meta cn ce s
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